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LI a- 



1.1.1 la b c I = 



= [bcaj 
a, b, c co 



=-[bacj = 



1.2 



(a-b)c 



(H X }< b) A v s (c - a) b - (c - b) 



A (b A c ) * (a A b) A c ] 



b, a 



1.3 f (s) = f x (s) i + f 2 (s) j + f 3 (s) k 



df 



*.^- 
= f (s) = 



1,3.1 (f.- g) 1 = f v g f 



8s 



- ^ 

ds ds 



g'-'f+f - g 



ds 








1.3.2 



Ag 



1.3.3 [fgh]' = [fgh] + [fg'h] + [fgh 1 ] 

1.3.4" (f A (g A h)}' = {f A (g A h)} + If A (g 1 A h), i- {. ig - 1- } 



1.3.5 



' + <b'f 




3 
as 



(= 



J s 

v- ^ 
dr'Ss 



L3.6 



J~ajbcd} 



1.3.7 (a A-b) (c A d) = (a - c) (b , d)-<a d) (b - c) 



1.4 a 2 = 



1.5 



1.5.1 



a - a 



= grad 4 = 



(a 2 ) 1 = 2a * a 1 . 



a 

aT H 

_ae j 

" 3x 



k 



1.5.2 



s div v = V - v = 



av av, 

J ' ' " 

3x 3y 3z 






1.5.3 eotf cal. v =VAV = 



5 



V V V 

i 2 v ri 



1.5,4 



1.5.5 





1.5.7 div (grad 0) = V^ ^ V 2 go 

. 

1.5.8 curl (grad <|>) = 0, 




1.5.9 div curl v =0, 



e>S 





s-dSa eoe>flb. 



1.5.10 curl curl v grad div A^ - V 2 v 




, y, z) = c 
r = (x, y, z) 



dr = (dx, dy, dz) 




= * 



2. 



1.6.1 n 



1.6.2 n e>0 



r - n = p 



a cr^o* 



(r- a) n = 



1.6.3 



a, b, c o 



[r- a, b - a, e - a] = 



6 3 3 r = ( 1 - s - 1) a + sb + tc 



r=a 



1.6.4 c 




a, b 



So 



r as c + sa + tb 



a, b, c, ^ d ea 



la +mb H- nc -t- pd =D 3 1 + m + n + p =0 



a, 



1.6.6 -g a r S 

* 

r = xa -f yb 




x, y OD 



X3) 




a 

r = a 4- rb 



1.7.2 a, b o o<r33) &<ftf&3> SJbSdcaaoo r a + t(b - a) 



1.7.3 a, b, c 

' * 



1, m, n 



(4) 



r = a -K tb-, r = & 



o 




(r - a t ) - {b x A Ob x A b 2 >} = = (r - a 2 ) (b 2 A (b x A b 2 )) 



2. 





2.1 















i 

V* 



SS&S 




CA 









oJ 







\. 



(i) 




x f y,z) = ; f(x,y,z) = 



(2) 





x = x(r), y = y(r), z = z(r) o 



(r) 



(2) 




* 

V 



2.2 n SS 




(s) 




n 



(r) 




C n 



ci 




= (X, Y, Z) 




C n 



C n 



dr 



R 



n-S 



. 



n 



n 



R 



C n 







s 



(Constraint) 



u, v 






(1) S (3) 



^ 
3u 



_ 
3v - 




(3) 



z = x, y) 



(4) 



2.4 




;r = r(t) 



P(t), Q(r + 5r) eo 



5v 



8t 




2.2 







Q -> P 



PQ 



PCr) 36 





R = r + ur 



& 

Y-y 



(X, Y, Z) - (z, y, z) = u(x, y, z) 




A 
t 



r 

MOTMM 

lil 



f(x, y, z) = 0, g(x, y, z) = 





Af.r = 0, Ag.r = 




=*r 1 I Af A Ag 



/8(f, g) 9(f. g) 
=> AfA Ag=Xr =1 -' 3( Z , x) ' d(x, y) 







2. r 




3. 



1* Y s ** fA^. H- v si R^n A T f* 
* M. "" C* **ViS V| j C*. C-II Vj X. "> ' 



CL> 




P(8) 

o 

x - a cos 6 



a sin 9 z-c8 




/. KO) ^5 &Nery&$ ^ 

o j ^ 

x - a y-0 z 

!! .. .. i i.i .. - .. . . y. . _ ^^m ^^Mh * 

C " 




*:** 



o 



C 



* A 



2 : f : y - x 2 = 0, g : z - x 3 = 




PCx,y, z) 




Y~y Z 





p 






y 



3^5*03 



1 1 




a; 



n 



(n 



C, 



C A 



PN 



S. C o 



PN 



PN 



C 




P, S 



n 




A 



8 = (PN) 




I 



II 

N 




2,4 



V, z) = ; x = x(t), y = y(t), z = z(t) 



(1) 




x, y/z.o.So 



12 



. Aft = t ) ag f(t) 



ftp) (tp, p = 1, 2, 3, 



P(t = t) a h a t - 







= 0. 




(ii) i (t Q ) ,t 



) = 0, f (t ) * 



F(x(t), yCt), z(t)) = f(t) (2) 






(i) h & PA daaS. a62j^32oo, flt) Si PN dScog. 282>j'cj2oo 



. [P(x 1 ,y 1 ,z 1 ) woood A >SbS^(6* PN SB^nSM FCxj, 'y z ) 



r . n + p = 3^tfo3 ( r - c) 2 = a 2 
PN 




n 



(n -H i) boess^o s>j< sj>ei aajaccbco&oa. fisr ^0203, 



= 0, i = 1, 2, 3, ,. n Pw-^ 



n a 



^ ajato 





13 



tJffl \tj So- f 2 \tj * 



f^t) = F x (x(t), y(t), z(t)>, f 2 (t) = F 2 (x(t). y(t), 



4 : x = t 4 - 1, y = t 3 - 1, z = t 2 - 



0*50* 
Sood x,y,z 



ax 4- by -i- cz s 



fit) = at 4 + bt 3 4- ct 2 -(a + b + c) = 



(t = 




05 o_ 



f *(1) = 24a + 6b 



a : b : c = 3 : 8 : 6 



- 8y -f 62 = 



5 : x 4 4- 3xyz + x 2 -y 2 -z 2 + 2yz-3xy-2y + 2z~ 1 = * (0, 0, 1) 




(0,0,1) 



1 m n 



x = It, y = mt, z = 



o x, y, z 



f(t) = I 4 t 4 -H 3 Imnt 3 + (I 2 - m 2 - n 2 + 2mn) t 2 = 



t = 





1 1 



?: 2 - fi 2 -* 2mn = efa I 2 = (m - n) 2 



-u- ~ 



!*..'d; = 241 4 * 



... ; & "* - m~ r n-. mn = 




I 



rn 



n 



1.-;; Q sg Sis-SS ft 



uiaflraar, Q - p 




O 





, s^s-as P ^ tea ^o 




P. Q, R 



H e 



2.5 



> R _^ p 




3. 



P(tj A Q(t 










15 



r 



r(t > A r (t + 8t) = ^= r(t) A [r(t + St) - r(t) | = r(t) ATU) 



(Q 






^ r-r 



R - r, r , r - 



66 i R . a = p 

^ 



P, Q, R 





fit 



! - ' . a 



. \jjf A 



t i ; i 



(2) 



(3) 



fit) =r . s =0 



(4) 



p 



(R -r), a =0 



[3), (4/ o Jt^od r, r 



a 



So 



=1^ li-r.r, r oo 



[R r r] =r [r f -r] 



* * * 



R - r, r, r o &># R - r = Ar 






2) 






X-.x V -y Z-z 



x 



X 



y 



y 



z 



= 



jfcod 



3cex * afy = 



= at? -i- b, y = 3ct 2 + Sdt, z = 3et + f 



crj 





(i) <W 




(f) 



6at+6c 



6ct + 3d 
(*> 



z - (3et 
3e 




= 




aect 3 + acft 2 + adft + bee = 




(3) 



So 



(n) 




ce(at? + b) + aKct 2 + dt) = K 



=> cex + af = ^o- 3cex + afy = 



wots o (3) 



&<HJ*Q. 



7 * x = 3r, y = 3t 2 , z = 




(3) 




(t) Sg 




S^aea2cb 




r: 



= 0, C : (3t, 3t2 



(3) 




3at + d * 



Cii) (t) 





x-3t y-3t 2 z-2t 3 
3 ft 6t 2 







2t>it - 



17 



8 






* + i* 
c 2 





(x, y, z) 



Xx Yy 

+ * 



(a, p, 



a 2 a 



a' 






(a, P, y) 







z = 



c 2 Y 



(a, p, 



t = 36 ftoObodS 



x-a y-B 



a 2 a 




-T 



za 2 a 



27 
c 4 




Z(x~ 



a 



a(c 2 _ a 2) (a 2 ^ b 2) 



1 = 



2.7 "Sofia 




f(r) * 0, Kr ) = O 





r 



Vf, V<|>, 



18 



(2) So (t) 




Xir +Xr = WA V<|> + Vf A V<p 



(2) 



=(r.V<|>) ) Vf-r.Vf) 





(R - r) . Vf (R-r).V<b 




r . Vf 



r . 



fl[ r ) = 0, 



= 



(R - r) . W= 0, (R - r) . V<)> = s 




(R-r).7f-X[(R-r).V<t>] = 




=>R. Vf + (B_r). W- 



P(r) 




(3) 




2 S 



(4) 



R = r Sgr . Vf - Ar . ^ = 



(5) 




, Vf, 



eta 2 




(6) 



1 
19 



1 r ' vf 

=> A, = - 

r . 

r.Vf=0, r 

r . Vf=-{jr. Vf) ;r . V<j> = -r. V<j> _ (7) 



(6) ood (7) Sood 
r . Vf r . Vf 



(8) 



(3), (8) 

(R -"r) . Vf r. Vf 



(R -r) . V<|> 

r . 



(R - r) . Vf (R-r), 



r . Vf 

P(r) 






R = (X, Y, Z), r = (x, y, z), 

so 



Vf=(f ,f ,f ), V(|)=((j) ,<)> d> ), f =f x + f y + f z, 
x' y 7 x ' ^ Y x 3 ^y 7 Y 7/' x xx xy * x*/ 



(X - x) f + (Y - y) f + (Z - z) f. (X - x) <!> . + (Y - y) <f> + (Z - z) <b 

' x % ^ ^ 



9 s x 2 + 2ax + y 2 + 2by = z 2 + 2cz 



oo&o&. 



20 ' 



4(x,y, z) = 



,7 =-2y-2b, f ==0;$ 

' \f ' */ 7 ,. ^7 T 



. 

J 



f =2, f = ~2, =2, <(> =-2, 

xx T 22 



y 



yy 






df = 0, d$ = o 



(y -i- b) (z : .+ c) ," (z 4- c) (x- -f a) ^ (x -f a) (y + b) 



P{x,y, z) 



^ * 



O 



(X - x) {x + a) - 1 Y - y ) (y > b) V(Y- y ) (Y + b) - (Z - 2) (z + 
(z + c) 2 {(y + b) 2 - (x + a) 2 ) = (x + a) 2 ((z + c) 2 - (y + b) 2 } 

* 

" 

r ' ' '','"' " 

l(X - x) (x + a) 3 t(z + c) 2 - (y + b) 2 } = So- 



^ 



(X - x) (x + a) 3 (c 2 - b 2 ) + (Y - y) (y + b) 3 (a 2 - c 2 ) + (Z - z) (z + 1) (b 2 - a 2 ) = 



+CMO- j ax 2 + by 2 + cz 2 = 1, ox 2 + By 2 + -yz 2 = 1 



3<3;S 




x, y, z) = ax 2 + bx 2 + cz 2 - 1 = 0, g(x, y, z) = ox 2 + py 2 + yz z - 1 = 



f = 



v 



= 2p J g x = 2ooc ( g y = 2py, 



2 S 



df = 2ax x-+ 2by y + 2czi = ; 'd* = 2ox x .+ 2p y y + 2yz z = 



yy 



zz 



___ 
by - cp " ca - aa " afl - ba 



A " B 
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P(x, y, z) 



S S.oK^tfjgtfo 



(X-x)ax + (Y-y)by+(Z-z)cz (X-x) ax + (Y-y) py + yZ- 



+. 



f 

L 



/v x 
(X-x)x 



boB 2 






yz 



y 



v . 

(X - x) '-r- (Bz 2 - Cy 2 ) = 

A , . ' 



af - ag - (Bz 2 - Cy 2 ; - (a - a) = 



BCx 3 X 



( - b) (Y - c) (y- c) (d 



Ua ; - a) (B - b). 



tJ 



o&> 



cs 



. o 



(4) 



SSSoofi 







A 



A|/A 9 , A ;A 

JL i o * 




ot s-S 



- . acea%)e 



A A t> , A 

* ~* 



A C 



, A. 



12 ax 2 + by 2 + cz 2 = 



x 2 + 2 + z 2 = 




AoSba 



S 



.. es 



22 



1 

T 



f = 2ax, f = 2by, f 

x y z 



g=2x, g=2y,g z = 

* j 




P(x, y, z) 

[(X - x) x 3 (c - a) (a - b) {(c - a) z 2 - (a - b) y 2 } = 



. 10 



rf - ag = 



[<X - x) x 3 (c - a) (a - b) (r - a) = 



SSo^oSco 



b-c 




a - b 



2.8 









! 



V. 



P(r) sg 3 i^fca. ofta^ eCoootfoZfco (II - r) . r = So* (U - r) t = 



r A r 



r OS>&D e^dbofi. $6g r r r | = Sood ao 

90 



(2) 



(i) ts^gicoa't)^ ^od^deioo^^o oc-aSo: &ot> b ! ! r AT 



(ii) 



* # * 



n I I r A (r A r ) 
(iii) ScpSDaa (t) otfaeo 

b I I r- A r", n I ! r" (r' . r" = 0, r'" = 1 



2.9 



t, n, b 
(i) t.n = n.b = b.t = 0, (ii; t = n = = 



(iii) t 



24 



< i 



a 



v. 



. t, n, b o^o 



, n,b) 





R 



, r >i 

'V. 



fi) ^ojfl^tfe2cD(t f n oo -$Bsa). 




t, n, b 






(r) 



(R-r) . b = 



(ii) 



, b eo 



. to 



(R - r) . t = 



(iii) 



* o. 



(b, t 



(K - r) . n = 




G 



- 2,7 



13 i r = (t 3 - 1, (t 2 - 1), 2t - 2) 





x = z, y = 



' r=(3t 2 ,23^t,2)=>r' = 



" 3t 2 



2 



. 



r = (6t, 2^/3, 0) => f A f = (- 4-N/3, 12t, - 6^3 t 2 ) lib 



r_ o 
rr 



-3t 2 



X \* Z 

L : 7- = *r = T 6$ t, L o 
1 1 



b, L o 




cos 



" 1 



2 




cos" 1 



IT 



(3t 2 -fi2)V2 4 




1, L, b so 



3t 2 


2V3t 


'2 


2 


7 


- 3t 2 


1 





1 



= 0=-[t bL] 



14 : x = a sin t, y = a cos t, z = a tan 6 




(a cos t, r a sin t, a tan 0) 



z- 






> (0,0,D 




COS" 



a tan 6 n 

- = -- 

a sec 62 



15 : r = (a cos 6, a sin 6, c9) 



r = (a cos 0, a sin 8, cB) 
dr 



r 
at) 



=(- a sin 6, a cos B, c), -7-7 = (- a cos 8, - a sin 8, 0) 

" 
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I3OS6 



(0,0,1)- 



" 



n = (cos 9, sin 8, 1 




cos 



" 1 = 




2.10 




6* 



(t 4- 8t) 




Q, Q + 8Q 






- 2.8 



sin66 



56 ' St~ IQIIQ^SQ! * 8r 




(=6}Q 



Q 




B}. E, n, 



S(t> t A f, S&i) B n AB', SOW = b 



(t 2 = n* = b 2 = 



27 



2.11 



(S) 






(T) 



- 2. t, n, b o 




(k) 



(1) r- = p 




- 



So 




(2) n 





r = r 4- pn 




- 2.9 



PC 







* (3) k 






, k, t 










S(t) = k b 




= A 



. (r* A r") A (r' A r") 

ar^ - ; - 9 - 

ir'Ar"! 2 



(r'Ar")A(r'Ar'") . [r 1 r" r" j r' 






S(b) = 



t, lr' r" r"'] 






3ood 




(b f 






n 



Sod t, B, b e 



K^^ 





(t, n, b) o 










r 1 - A 



n. ( 2.8 






(i) 
s 



= 1 =* n . n r = => n l n = n* = X(s) b - ji(s) t 



(3) 



DeoS, 2a) s 




s 




as b A t + 



( 2.12 



* *kn (. t 2 =l) (1) 



... 
s(n) = n A n l = tt + kb ZoBoOcp (n AH') A n = n' 

. 

dn 



(2) 
s 
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3otad &0vft&& &tf9 ^>t n ^ood b I twisted 






J1L 




- t 1 " 




- k 0- 




- f 


n 1 


= 


-k t 




n 


. b 1 . 




- -t 0- 




- b- 



(3) 




SJQS* crcrjfj ^6^ <o = tt 4- kb 





M 



= t> (tb - kn)b = tun 



M = M 1 s 



M = 




t = 






= 



db 

ds 



t = 0=* 



ds 



f 




0> A 
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17 i [t t 1 t t! ] = 



: [t t' t"] = t . {kn A (kn)'} = kt . {n A(k'n + k (tb - kt)} 
L'r' r" r'"l t 



: s(b) = 
o 



[r 1 r" r"'] = [t t' t"] = 



18 : (i) t 1 - 1" = kk 1 (ii) t' t" 1 = k (k" - k - kt 2 ), (iii) t - t' " = -3kk' 
(iv) t" - 1" 1 = k' k" + 2kk' + k 2 XT' + kk' T 2 
(v) t t" = -k 2 t 1 = kn, t" = k(tb - kt) + k'n 

H 

t'" = -2kk' t - k 3 n + k"n + k' (tb - kt) + (ik)' b - T (tk) n 



(i) t' t" = kk 1 

(ii) t t 1 " = k (k" - k : * - kt 2 ) 

(iii) t t 1 " = - 3kk' 



(iv) t" - 1'" = 3k*k' + k' (-k 3 + k" - kt 2 ) + kt (2k't + ki') 

= k'k" + 2k a k r + k 2 TT 1 + kk 1 1 2 
(v) t t" = - k 2 e 



in- 19 : (s) dSj^ r cSSis^ nS wSgossSoo r = a t H- b n + c b e>ocoK> 

* ** jn, 



l n + 1 = a n l - kb n ; b n + 1 = b n l + ka n ~ TC n > c 



n n + 




= Cx, y, z) aQX, r = (x y z ) s- r = a t + b n + c b 

*****! n jn 11 , n 



= (X n + 1' y n + r Z n + 1 } = ( V*' + (b n n) ' + (c n b) ' 



- kb n ) t + (ka n - ^ n + b nl ) n + (c nl + tb n ) b 



Jt> 
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4 a 20 J x = a cos6, y = a sine, z = fie) 



Sig&olSo 



fl[9) 



r = (a cose, a sine, fie)) => r = (-a sine, a cosO, f(6)) 



r" = {- a cos6, -a sine, f T (6)); 



r A r" = (a (cose f" + sin6 f ), a (sine f ' - cos6 f ), a 2 ) X b 



h' r => cos6 f " + cosef = 0, sine f " + sinef = 



f -h f = & ROj = C]l (c 9 cose + c 3 sine) 



21 : 






P(r), Q(r + 8r) 



"4*0: n, H4-6n aocoS 



In, n 



[ndndr| = 



=> inn'r'] = = ln,(tb-kt),t] = 







= 



: o 



. P 



P 




P 




= V = r' = 







(1) 





*. 
?.. 
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d_ 
dt' 







(instantaneous) 



(instantaneous) 



v = 0) A r 



1 

1 




( 1,0,0), <0, 1,0), (0,0,1) 

i' = co A i = coj co.k, j' = - co.,i + cb.k, k 1 = co.,i - co.j 

u t O 1 Z 1 

' ' &.?-,' - co ( 



1 

1 



' 



_ k' _ 



co,, 



co 2 -a). 



co 



. 

1 







- k 






~r 



S = t 



S F (t, n, 



t 1 = GUI - co b, n* = - co t + O-b, b 1 = co t - co, n 

i' < O 1 Z J. 



__ it __. 

t 




^ ^2 




" t "" 


n 1 


= 


(o rt co 

3 1 




n 


_ b' - 




co 2 - co x o 




- b- 




,co 




t. ko 

oJ . 8) 




(3) 



T, 0) = 0, CO ^ k 



F; (t, n, b) 

' 



N. . 



l 

s. 



COk. 
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2.14.1 r r(t> 



R =-37- = -- - = s 
at 



r = r's => t = t f 



t = ksn, i = (tb -kt)s, b = -i 




r' = ts' 4- (kns) s = s*t + IB^, 



* 

r =ts* + ks s n-f2kss n + ks 2 (tb-kt)s--k s 2 n 



* * 

= r AJT = ks 3 b, r" = (s" - k 2 s 3 ) t + (3k s s* + k s 2 ) n + kts 3 b. 



[r r r ' J = k 2 1 s 6 




p(t) 



- 2.10 
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, 
k= 



r AT 



[r f r '] 



TAT 



r AT 



= 1 




20802:0 



P(t), Q(t + 8t)eo 




86 (0 



ri) 



sin 89 = 



r(t) A r (t + St) sin 66 86 r (t) A (r (f+ 5t;-r (t)) 



r(t)l |r(t + 6t) 



86 5t 



5t|r(t)| r(t + 6t)l 



St - 



r AT 



k = 



d6 
ds 



6 



= k = 



TAT 



P, Qo 



r (t) A r (t) ; r (t + St) AT (t + St) 




sin 8x|( = 



(t) A r (t)) A (r (t + St) A r (t + St)) 



r(t)Ar(t)l 



8t)Ar (t + 5t)l 



[r (t) f (t) r (t + St) j] r (t + St) - [r (t) r (t) r (t + St)] r (t + St) 



St 



sin Sy 
o 5\|/ 



St 



(t + 8t) ~ 



* (t + 5t) 



- f (t) {f (t + St) -f (t)} Af (t)J f (t + St) 



St If (t) A f (t + Stl If (t + St) A f (t + St)| ) 
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- r r ] r 



* 



jttW ^^ 



ds 



li-A* 2 



et> 



ii 6 




t = s = s = s' = 1 



r* ** i 
k = ir' A r"l , t - 




k ' n 



=> r 2 = k 4 + k 12 + k 2 1 2 






"io* 2.14.2 



r s (*, y z) f f =s (i, y, z), r = &", y , if). 



IF -* * #**' * * 

1 = (x , y , z 



jr * 

(y z -z 



x -x 



y -y 



taa 



(x 2 - 



y z 



* 



y z 



y z 



{k 2 (i 2 + 



2JL4X 
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fr' T" r" 1 ] 

i 2 
T A r i * 



22 s x = 2abt, y = a log t, z = 



efia 




h^ ^^^ 




r=/2ab, 



Q ) 



r A r=fe-rab3, 
\ l 



2a%x 




iodoio 





[rr 



k > 



-Sa 3 !)? 

' *c^*^ *f 



Itf- 



[r r r ] 



2abt 



k = t. 



2 l = xtant 




z 2 z = a tan 





y = xtant => SjSSoo z = at, x > at cost, y = at sint 

r = (at cost, at tone, aw = f. = ( (cost - 1 sintj, a (nt + 1 cot), a) 

r : (a (- 2 wnt - 1 cost), a (2 cost - 1 sint), 0) 

^". .. , _, ^ , - ^ . , 

i. A j: . (4,2 (| nnt- 2 cpst), - a 2 (2 sint * t cost), (2 



A 

' 
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24 1 1$ SStoSfe ftfcS Sttf* afiotttft &od (c) firtftoS* Q 




Q 

QSo $o>o$o3;S ofcc3o, 1 3*SS5* Sr>-Sfc T = r + ct, 



dr, dr, ds- ds t 

* .* - 



i j " j j - - j 

l as d$ 1 ds ids 



* t + ckn 



(s) 




C 2 



_ 

, Vl + c^~^ ~ ^kn + ck^ + ck :(tb-kt) 
i ds 



Q 



25 s x 2 + y 2 = a 2 , x^ - y 2 = 





= acost, y -asint, z = acos2t 



r = (a cost, a sint, a cos2t) => f = (- a sint, a cost, - 2a sin2t) 
r - (- a cost, - a sint, - 4a 



*f* = (a sint, - a cost, 8a sin2t) 



= (-2a 2 (2 cost cos2t + ant an2tX - Za 2 (~ sin2t cost + 2 cos2t + sint 
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= a 2 (1 + 4 siiM), -fir r r'] = 6a 3 sin2t 



5 + 12 cos 2 2t 
.(1 + 4 sin 2 2t) 3 _ 



1/2 



6sin2t 



a (5 + 12 cos 2 2t) 



2.15 "30(55 






a 0, g(r) = Oeo 



t (= r') e 



- Vg=0 =>tj| 



Vf A Vg = Xt = h 



t Vf = 0, 



g -f g ),(f g -f g), (f g -f g A=(h 1 ,h <> ,h Q ) 
6 z z 6 y ' z 6 x x 6 z ' x 6 y y 6 x / 1' 2' 3 




h 1 = X,'t 4- Xkn 



h Ah 1 = X 2 k b = H 



X 4 k 2 = H 2 = H 2 + H 2 '+ H 2 

1 it O 



(2) 

(3) 
(4) 




X 2 ktn = H 1 



(5) 



o 

h 1 . H 1 = 



(4), (6) o Sood k, 



h 2 f H 2 f 




(6) 



2. 




A = h T- = h. 
ds 1 



dy 3 





. 25 So 
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= Vf = (2x, 2y, 0), Vg = (2x,^ 2y, - a) 
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(s) 





24 axy 2 
X 



Ibgfej2aj (3) good 

k2 _ Jlfa 6 -Hey 6 + a 2 (x 2 ^ y 2 ) 2 ] 



96 a% (x 2 -i. 

gf* ^^^^^^^^^^^ 

Sa 2 ' 'X 2 . " 



.12axy 



16 Cx8 + y8) + a 2 (x 2 > y2)2 



26 ax 2 




V f = tax, by, a), Vg ( a lx, b V, 



(1) 



Xx = -2ay, 
=> X*t +Xkn = (-2ay 1 , 2axl, - 8 (xy 2 + xfy)) - : (2); Xy = 2ax, 

. . Xz =-8xy, 



(3) 
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h = At = ArMI Vf/v 

=> AT* = |-r ; -, 



, Bzx, Cxy) 



b'e.B -ca 1 c l a, C = ab ( -a% 






(1) 





(1)3 (s) 




B 2 - C 2 



(1), (3) o 



/BC 

I 3~S 

X 



(2) 



(3) 



^Bx 2 ) 



Bz 2 - Cy 2 = (ca l - c%) Z2 - (ab - a 



2b) y 2 



e 






(aV-a)x 3 



C> Z 



B ' G 




(AA-ia -a,BB =b - 



(s) S 





ABC 




3BB 



(4) 



(5) 



1, 



(6) 
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(3) (6) 



ABC 



= 



[A 2 (a 1 - a) B 2 (b 1 - fa) C 2 (e! - c)1 

""" """""S""" 1 * T """* """"^""""" -f- ^""""i 



(7) 



(4), (7) e 



A* (a 1 - a) 



T ss 



ABC , (a" - 



A2 



A 2 B 2 C 2 



A 2 



A 2 



2.16 








CD 



3ood 



a = 




t, bo 



cosa t + sina b A 



ft 



i. 




t - s 




f = kn, b' = -t = t' t 



= f cosa +b' sina 
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t cos a + b sin a = c; t 5T* 



t . c = cos a. 






<$> 



2.16.1 




X 2 + y 2 ... a 2 



So 








(oca) 3tf> 



2,17 






CD 



(i) k = k cosec 2 a, 



= k, sina cos a 



a 





k, 



(ii) k, 



<x> 




"t 

(' 



a 



ai 



So 



P(r) 






(D 



(2) 



ids 

s 



l>_ 

d s ; 



1 + cos^t -2 (a - 1) casa - 



ds 1 = sina ds 



= coseca t - 



k, =k-H- -T- =kn coseca 
l lids 



= k 






t = k cota 



sna cosa 



. n 



(ii) k, 








27 1 3ac = 



f , 

r=Caai,bi^ f 



* 




r = (au, bu 2 , cu 3 ) SpofiDS 



r A? m (6bcu 2 , - 6acu, 2ab); 6r r F] = 12abc 



1/2 
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frr r'1 



Ir A* 



3abc 



9a2c2u2 



k_ 2 
T ~ 3abc 



a 



3ac = 



k _ 2 
T ~3abc 




9c2u 4 -H 4b 2 u 2 + a 2 



Sac* 



28 $ x = at 2 , y - 2at 



=t= (2att c ,2atScosa) 



4a 2 ) 



dt 
ds 



sin 2 a 



sna 



t sin 2 a 



1 2 ) 2 " 2a 



2a (1 = 



Sj: SSoo 



_ 
= tana oS 



sina cosa 






z - 






. o . 

;.p ai p- cosecro, a = p taiia 

' ^* 
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2.18 



Q f R - P 




(3) 



P, Q, R o 





- 2.12 



r generic 2>o&>), c "lo^^co, a 




ir-cl = a 



So 



Ms) - cj. Ms) - c] 



(3) 



= 0, f (s) = 0, 4>"(s) = es^dbofi. 



= (r-c; 2 = a 2 , (r-c). r' = 0, (r- c), r" + r 1 . r' = 
r' = t, r"= kn, r' 2 = 1 
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(r - c) 2 = a 2 , (r - c). t --= 0, (r - e). n = - p ;j)<pcao 






r-c eOooa^o^oo^r 6 600006 V6 aoStfS tfo&oSr* 600006 
r-c ScrtS ej>$oo"S?> 6** 6od Xn 



c = r - Xn f^ r + pn 



r + pn flp o|Sx)So, p = 




- = a & D3j-eo^) ^c5*tf2co ^O^J^D 



"fo(j32oo \+>QH> es)oc2D"6?>"^ SigSoo cSooS).. P 2)o<3o^ ^ood p 
9 



e 

CD 






c = r = r + pn 



(r + pn) 1 jj- = [t + p' n + p (th - kt) ~- = (p 1 n + ptb) ~ 

"* JL 






n aLt>c3oo a 

tan a = 








p fctfo* eooo^6 p'= 



- n flo n, 9 - n e/bStao 





V ==k 

In 



k 2 1 

= -^ T oc 

1 T 1 T 



29 : S>oCJS 52co^& <5 ^g^aD* 4 S^DD 2 3 





b=0 





r * r(s) 





CP 



(r(s) -c). t = (r(s) - c). r ( = 



&** ^oitST Sftato 2 3 



2.19 






P, A, B, C o 



A, B> C -> P 






R ^cd*^DD?fio So/T*^ ^b$0n^x> r- g I = R 

' 




^0 



(4) 



c))(s) = = (r- s) 2 = R 2 ; ^(s) = (r - s). r f = 



(r - s). t = => (r - s) 



i"(s) = (r - s). r" + r 1 . r 1 = 



=> k(r-s). n+ 1 = efg (r-s).n 



= (r - s). r" 1 + 3r'. r" = 



=> (r - s). (kn) 1 + 3k (t. n) = && I' = 0) 



=> k'(r-s).n + k(r-s).(tb-kt) = 0;(r-s).t=0 



, 
(r-s). (k'n + ktb)-.0=> ki (r - s). b = 



(r - s). b = p 2 a k 1 SS - p' a 
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r - s eCooorfoasff iocjoofl- 
f jib 



p, p. = p 2 a k 1 




r 4- pn -* p 1 a b 2060*0 




^* 





ort 
30 : 



t A t" 



k 2 



k 2 




k 2 




p' = 






s = r + pn 



k'b-kin 

k 2 T 



! It 



1 






, dc ds 



A 



Q. 



ap'n + pb 



tp' 

+ 



c = r + pn 
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R 



R2 = 



,2 



h2) 



(f ) (!)' - * (f )' 



(1) 3 s 



k l R 



pa 



n 



k i 2R4 

p2 CT 2 




R *l a< 7 




2 



(2) n- 




-kt) 



n / i 

+ V h "a 



R4 



4 a 2 ,,2 2h" g p 2 1 



(3):6iod 



32 : 




o 



r = (x, y, z) => -r' = t = (x 1 , y', z'), r" = kn = (x", y", z") 



=> = 



x" y" 



' 




1 z" 



* 



z" x" 



x'z- x'y" - 



k , = 
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Ib'l =T = 



t _ > \ It 



k (y 1 '" - z 1 y"') - (y 1 " - 2' y") 

k 2 



k(z'x'"-x'z-)-(2'x--x'z")k' 

k 2 ' 

k (x 1 y 1 " - y' x-) - (x' y" - y' x") k' 

k 2 



I I t t I Ml 

7 z - z y 



(y- z" - z' y") (x" x- + y" y'" + z" z'") 

_- , 





x - 



k' 



/ t i t i? 

(y z - z y 



R = 




so 



/ ,,2 ^ ,,2 ,,2\ 

\x + y + z ) 



2^- 1 ^. - (x" x'" + /' y'" + z" z"' 



1 +- 



1) 






jfljjfiqp, 




e?ioo2D"6?i, 



2; c, G I o 
3) c 








1/2 



5;* 



S = r + pn H- ap 1 b 

P(r) c )o<&)^) P(r) 



dS 



ds 



ds"'ls" - 



.. i 

tjl b ; i, = pt + (p' a ) f 



S 



1 



ds 



- , 

i pt-*- (p a) 
k = 1, TT = k 2 



1 = 



, 
b eo e.t fi6^ &o&>t fefors^ t = b 



ds 
ds i 



-d) 



*-l-j- ife *! [pT (p' C)'] 
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33 : r = (2t + 1, 3t 2 + 2, 4t 3 + 3) wSo 



(1, 2, 3) 



(i) ao 



a&garaSco. (ii) 



S!bfe2ooe 
P (1, 2, 3) => t = ; r = ((2t + 1), (3t 2 + 2), (4t 3 + 3)) 

=> r = (2, 6t, 12t 2 ), r = (0, 6. 24t). ,'r = (0, 0, 24). 
t = 26 r = (2, 0, 0), r = (0, 6, 0), "f = (0, 0, 24) 

, . Cj ' 

(4) 

> $ (t.= 0) = [(I- a) i + (2 - P) j + (3 - r) k] 2 - a 2 = 0, 
(a, P, 



< !> 1 <t= .0) = Kl-a) i (2-p) j + (3-y) k]. 2j = = a = 1 



8 
3 



<|> U1 (t = 0) = [(1 - a) i .+ (2 - p) j + (3 - y) kj . 24k + 3(0) = => 



(it 1 3 



= (1, 2, 3) - 1, 3 



2 
3 



3 
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3 ( X 2 + y 2 + Z 2) _ 6x - 16y - 18z + 50 = 



- r, r, V J = 







-l)i + (y-2)j-t-(z-3)k].12k = 



3x 2 + 3y 2 - 6x - 16y 4: 23 = 



34 : r = (a cos t, a sin t, a cos (3 1) 






= (acost,asint, acospt)=> r = (-asin t,acost, acos 









cosec P* co sec p* 
cos t sin t 



= a cosec 




a cose<r B a 





4 



h\. 



<-. sin cos B sin t sin p cos 



_ 

" 



sin p cos 
a 





2 - 19 



35 : Sl U 




S^ftr 
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i dp 



(iv) pp. = 
A 



R 2 = p 






R d& 

p ! <j j ds <r 



""T 

as 









a dp a 



dp 



2.19 





(i) 



(iii) 



(iii), (iv) o 




ds 



dp 



36 : 





= 




57 







=* PP 






= o = 



=o 






r' 



1 4 





2.15 
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-2s 






S8R6 












t, t + 6t 



ds =d6=> 



ds. 



T =j- 
ds ds 




80 



. 

j j 

ds ds^ 



- 

S- ' 




(A) 




JL 



dt ds 



ds 



ds 



dt 



. 

t. i j n ; 



i dn ds 



. 
ds- ds 

JL 



tb-kt 



- 



i T 

il 
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. 






, - 
~ 



(2) 

v ' 



(1) 



(2) 



7 *l* : k 1 * (kj 2 - 




(B) 



* 




ds 



ds 




t = 



i J] 

k?)"' i 




V 2k * 
K l *! 
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SesSfcod 



(k 2 + t 2 ) 3 .Qkt* -k* t) (kt '~ f -k^tKS (kt r -k 4)2 (k 2 1 t 2 ) 2 (kk c + 



a , 



t (k? + T 2 ) (ktt - k '- T) (kt - k" T) - 3 (kt 1 - k *t) 2 (kk ^ +. re 
~~~ 




(G) 



1 = 






,!- 

W^ *^** 



k r_ 









s = r + pn 



K & r * pM, HQ SibSSaao R= (r -f 8r) + q (M -f 5M) 
HQ 






87 : z^S SacoSSj -5o<3 floo- S ft&S o o- j-cco e 

A 




p 

S(s) 



LX 



Xr+ l(r + M) r + M 

= ITT 



-L HQ, LM 1 SP = 



LM, HQ So 2ot*o 



[R~ (r + 8r), M+ SM, M AM ( 3 = 



_ M 

R=r+ T7H: 



M 



-8r,M + 5M,MA 



[Sr, 8M, M A 



sS 8s 



[M, M 1 , M A M 1 ] = (1 + X) [t, M, M -t- M3 



^ 



[M, M', M A M f J + [M, t, M A M 1 ] 



[t, M, M A M 1 
[M,M* + t,MAM l ] 



M = pn + q> ! 



. p (tb - kt) + p' a - op 1 (tn) + (op 1 ) 1 b 



M A.Mf J = PM* 







~ 2 



R 2 



RR' = pp 1 + (op*) 




(pr 
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38 : 




r 1 = (~ a sin 9, a cos 0, c). 6 1 



d8 



t =(-aHsin6,aM.cos6,c^)=> kn = (~ aji 2 cos 9, ap. 2 sin 0, 0) 



9, aji) 



.-. 0) 







(ii) 



r =n 



(iii) 



^a^ 



= 1 + 



rs- = cosec a = fc 

JK CD 







1 + 



= 1 



k b> 



s 1 
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Lancret 



S t , S n , 

ds. ds 



t, n, b o 




. => (ds ) 2 = (ds f ) 2 + (ds, ) 2 . 

n t b 



Lancret 



[(ds fe ) 2 + (ds t ) 2 ] 



1/2 






2.22 



Sg 









- 2.16 



&fOodb$ Sfi.fo t, n, b o3 



x, y, z e& S 3 




OP = SP : (x,y, z) 



+ zk 



r=-r(s) 





r(s) = r(o) + si4 (0) 



(0) 



s? 

+nrr<(0); 



r* (s) = t, r M (s) = kn, r 1 * ' (s) = -k 2 1 + k 1 n + kib. 




s = 



-r- kn 



. Z 



3 kt 



s s 






i) 



ii) 





ks kx 

= s, y =-- ^ y = 



x = s, z r:- 



x 3 s 



kt 



iii) 



y = -r-, z = 



cfe y 3 = z 2 



%. 






U'O 
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\ 



2.17 



2.23 



V. 

f 



*4f 




1, n, b e 



A, 63 




f (a t s) = fe) + sf (a) + f ' ( a + 



t = 

P 



10 






fe) 



fla) 



S 2 , S 3 - S 2 

2"t' ^t'-"=:t + skn +T (k r n + ktb-k2t) 



,3 
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k 2 s 2 kk 1 s 3 

Hi MBMNMMM 

2 ~ 2 



ks + 



- (k 3 + kt 2 - 



kts 2 + (kt 1 + 2k 1 1) 



n 



s. 



(1) 



n = 

P 



=> n =i- ks - 



(- k 11 + k (k 2 + t 2 )) ^r t 



S ,, , t . S 



1 - (T 2 + k 2 ) ~ - (kk 1 + 



1 2 



t S 



+ -- + {t 11 -T (T 2 + k 2 )} 



(2) 






+ ki 1 ) t + (k 2 T + 1 3 -T 11 ) n -3 tt 1 b] 



kzs 2 

iHMI 

2 



ST- 



S 2 T 1 



S 2 T 2 S 3 TT 1 



(3) 



b p = t p A 



* 39 : z* 



0, P OD 2>-Ib3 5 flo^eo, 



OP = S 



O P 

' "^ 
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0, P e Sg 



(0, 1, O, (- ks, 1, ts) 




eOo 0063)0 af So? COD 








cos e = 



1 + s 2 (k 2 + T 2 ) 






=> i - = {i -i- s 2 (x 2 + k 2 )} = i 



1/2 



9 = s (T 2 + k 2 ) < 



40 : 




(S) 



r(0), r(s) 



r 1 (0), r 1 (s) e 



P, Q o 






(0) 



-r' (0) PQ 



Kr(s)-r(0)),r t (sXr l {0)] 






+s 2 ktb +0(s 3 ) 



r (0) = t => r ' (s) A r l '(0) = s 2 . k-m - (k 1 s 2 + 2sk) b 



I/O 



I r r (s) -r 1 (0)1 = [s 4 k 2 x 2 + (k 1 s 2 + 25k) 2 ] = 2sk 



<s 2 k 



: s 2 kt 



/? , 

6 



k 2 T . s 4 k 2 x s 4 k 2 -c 
2 ~ 3 ~ 6 



d = 



41 : 

1/2 

" 



sp [p 2 



p 2 : <J 2 





(i) P(r), Q(r + 8r) eSaSS r = r(s) 

?B 

n, n + Sn eo fiodb^o S 







[8r, n, n + Sn] 
= 8 = 



I.** 1 ^ M 

=> 5= T rr ds (8s 3 srftoO 8s - 
n 



I tt 4- 

1 

s s^S 8 = sp (p 2 + 2 ) 2 



i - 1 

(T 2 + k2)T = p (p2 



AP : R = r + Xn ; BQ : R = (r + Sr) 

; AB = eso^So fiSr^Soo = 8r + (ji - X) n + ji8n 



ABlAP.ABlBQ 



=> A = l = 



P 56 ^o* so^SS C ecooS AB, PC o S^ 

PA PA ji k/k 2 + i 2 k k 2 



AC PC -PA p-|i"l k 

k " 



GA : AP = p 2 ; o 2 e 





(ii) P, Q o ^6 ^^Soo^Sj Ac^Esd^ ><?* Oooa"Sg5eo AP, BQ 



{t + (p.-Wn + |ii 1 }. n 1 = 



59 




rsr(s) 



PC<> 



2.18 



2.24 "io(Ba3S 




C 




CD 




CO 



C, C, 

J, 






C ^o C 



2.24.1 






r = r(s), 



P r x = 






r- = 



t- = 
* 



ds 

-3 
as- 



r 
as 



= (c-s)k. 



= n 
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* i frb-kt) , 
t i Ic-s)k :=k l 11 i 



=> k 2 = 



k 2 



(c - 



tb-kt 



it + kb 



(kT'-tk')(kt-Tb) 



(kt'-ik 1 ) 2 



( T 2 + k 2)2 k 2 (c _ s) 2 



* 



^> k 2 1 = [t t ' t ' 





2.19 



(1) 




= r + (c - s) t 



(c) 




(c s) k 

(2) tj = - ; n 



C ]b fctfo<$) P 




e> ' v 

C \^&to\&zi$x> e$ft> S|o> G ^ C 




r(s) 

P(r) 





r = r + Xb + \m ; (X, |ieo s 

ds i 

= t --i = ( 1 : - Mk) t + (p, J - Xt) n 



, 
i 

6otx>o6 



J tds = cot" 1 ( J + a. 

^-M"' 



J tds & ^ (s) 




.-* 
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= p cot [$ (s) - a] efe 



p tan [<)> (s) + c], c =:r - a 





r = r + pn - p tan [<)> (s) + c] b 5 

* * 



(1) 



B) 



^ood 
P 



(Ai 



(2.19 




2.20 



(2) e-S SjgSoo d&oS^ T5o& ^oi62a&cfS> 2w3x> dBbogL. 

A,B 



20 ff3 AP, 




n 



(is) 




So 





. 

sn - cos 



, i , x 

= (p 1 + pt tan y) sec 9 

as : k^ cos 



t = 



kt cos 

k, n, ss 



. ___ ^ _________________ . . . 

3. (k 1 cos v - kp siii \|f)/k 2 cos 2 

k 3 cos 3 y 

: - -f - ^ 

1 kt sin \|f - k 1 cos \|f 



= * t 



1 = t t A ^ = b cosy + n sin\|r 



i 11 = "fc 

f 1 

t 

k 3 sin \jf cos 2 



l (kt sin v - k 1 cos \|f) 

I: 
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42 : 






sen* 

Q 



k. 

T 






r = (a cos 6, a sin 9, a tan a) 

= 1 8 = (- a sin 6, a cos 6, a tan a) .=> s = a sec a 

j 

s = a6secat = (- un 8 cos a, cos 6 cos a, sin a) 





= r + (c - s) t => x = a cos 6 - (c s) sin 6 cos a, 



y as a sin + (c - s) cos cos a, 

z = { a 9 tan a + (c - s) sin a) s = a sec a 

* 

x =5 a (cos 6 + 9 sin 6) - c sin cos ct, 



y = a (sin 6 - cos 0) + c cos cos a, z = c sin a ( 



(xy - 






<t> ex 



43 : 

i 1 = r(s) 





R = r + pin - p tan [<|> (s) + c] b 




= ( sin cos ou cos cos a. sin a) 



k 
& 






cos 8 cos 2 a - sin 8 cos 2 a 

~ 5 



n = (- cos 8, - sin 8, 0)b = t A n = (sin e sin a, -cos 8 sin a, cos a), 



cos 2 a sin a cos a 

t= - - - 




x = a cos 6 - p cos 6 -p tan (6 sin <x + c) sin 6 sin a, 
y = a sin 8 - p sin 8 + p tan (8 sin a + c) cos 8 sin a, 



z = a 8 tan a'+ p tan (8 sin a + c) cos a o3 



44 : r = (3u, 3u 2 , 2u 3 ) e*D twisted 





r = (3u, 3u 2 , 2u 3 ) 



ds 3 (1 + 2u 2 ) 
=> s = 3u + 2u 3 . 






(c-3u-2u 3 ) . (c-3u-2u 3 )2u 



(c-3u-2u 3 )2u 2 

172 



l--2u 2 
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45 : !> S^lGtoSSo 




4u 2(l~2u 2 ) 4u 



3 (1 + 2u 2 ) 3 ' 3 (1 + 2u 2 ) 3 ' 3 (1 + 2u 2 ) 3 

4 

- 2u 1 - 2u 2 2u 



2u 2)2> n = { i + 2U 2 " 1 + 2u 2 ' 1 + 2u : 
-2u 



2u 2 ) 2 




r =r--pn-ptan\|/b 



2u 2 ) 3 /-2u \ 3Q + 2U 2 ) 3 2u 2 



9 3 (1 + 2U 2 ) 3 1 -2u 2 3 (1 + 2u 2 ) 3 f - 2u 

y = 3u*+ - - T- - - - tan 



3O-I-2U 2 ) 3 2u 3(1 + 2u 2 ) 3 



y = (1 + 4u 2 -4u 4 - 8u e ) + 3u<l + 2U 2 ) tan (V5 tan- 1 Viu) 
z=(3u+14u 3 +l2u s )-| (1 + 2U 2 ) 2 tan (>/2 




C 5 A! 



w 
C 
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(i) 
(ii) 



(iii), 




So 








"SioCSb 



P(r) 



r as r + an, (a = a(s)) 



s (1- ak) t + a? n + a ib. 



(r 



n (= nj 



020^03 



a 1 =.0 ef>5>e2bo6. 
^ 



'a' 






(1) 





JjA 

(- sin 0) 9' = kn. t. + k, n.. t s. } = (-.- n. = n) => -j- = 

llll i as 









(2) 




2.21 
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t,b CD ;t 1( 



, t.tj 

- 21 (ii)) 



x 



b, 




7,'- 



t^tcosa+bcosf^ + a 



1 -* ak at 



ds 



cos a ~ sn a 



(a sin a) k + (- a cos a) t - sin a = (3) 



46 : Mannhein 



(PGP, C t ) P Ib s*S C 

X JL a 



(i) 



C, G I 




sn a 

-- 5 
a as 



- sin a ds 




sin 2 a/, 



(ii) 



So (4) 



(ABCD) 3 



PC 



PC 1 IC 1 P 1 



A, B, C, D 



AD I DC 







Ipnl t Pl nl : 



(P, P r C, C t o 



r, r r + pa, 



n 
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=> (PC P, C J = 



PP 



i-~i'~ la-pa+^T" Kak-lMak^ 1)1 



= sec a. 



P, P X 



** 



2.25. 



k(s), t(s) eo 




. 63 



k, 





. &* 






Jb^SSaa : k, 1 eo s 



da 




(1) 




dy. 

-T = f. (x, 



y n ), i = 1, 2, 3, .... n 



, Lipschize 




x = 



, y 2 , .... y n 







* a]L (s), p x 



(1) So 3 



S = 



, 0, 






= ^2 (S ) = 



= ' Y 3 (S ) 
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(a 2 



= 2 (act 2 + P0" 1 + Ty 1 ) = 2 (kap + *py - kap - Tpy) = 



* 



<*> 



o 



= i, a = i, 2, 







! P 







Y 3 = 0, a 3 



A = 



tt 



0). 




(6) 





t = (a r a 2> a g ). n = 





b = 






r= 



(2) 



o 
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k, T c 6' 






S|grf, 



(1) 



(t, n, b) 




(k 




go ti n, b 





s SB 



o 







RHS = 









t, 

x 



t 



3 



( 



vo 





, *, a, b 




s 



r, a 

* 




Orientation 












a-t 




47 : p = a - 



C\ 




k 
- 



n 
7 





z - 



_^i i - 
V ^2 



So 





t = (x 1 , y 1 ,! 

' 



i 



t' = kn = (*", y", 0) 



S 




5*00 



y s VI COSh 




So 




r = (ae 4 cos u, ae 4 sin u, be 4 ) => * f = t 



= [ae 4 (cos u - sin u) u 1 , ae 4 (sin u + cos u u 1 be 4 u 1 ] 



~ 
du 



= e 4 (2a 2 



s = (2a 2 



cos u - sin u a (sin u 4- cos u) 



(2a 2 + b 2 ) 1/2 ' (2a 2 



' (2a 2 + b 2)l/2 



-a (sin u Hi- cos u) a (cos u - sin u) 

f 



a 



/ 

S I 



- (sin u -H cos u) (cos u sin u) 



> " 



a (gin "u 
/2(2a 2 + 



(gin u- cos u) - b (sin u + cos u) 
b 2)l/2 ' " 



2a 



(2a 2 + b 2 ) 172 ' V2 (2a 2 + b 2 ) 1 / 2 



(sin u + cos u) - b (cos u - sin u) 




(2a 2 + b 2 ) e 4 ' V2 (2a 2 + b 2 ) e 4 ' 




s 



ago t 



k(s), t(8) op 3 - 5 



S*S 
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dot 




dy 



a T 3 - 



(1) 



Riccati 




g-fi 
1-Y 



I+Y -1 a-i| 



1 + 

I 

a + i 



=> a= 



1 - wz ft , 1 + wz w + z 



, , 

W - Z K X - Z ' f W - Z 



(2) ^> s 




dw a' + jp' g + j 

ds = * 



!b (A) 



kp-ika + hy + wt 



(i _ 7 )2 



(3) 



&>od 






(Y.- 1) w 



2w 



(4), (5) oSooi p So 



dw 



tw 





(3) 



(4) 



, 
( ' 



(6) 



(7) 



aP + Q 

f = (a a^e$j3j fccr-o^ko, P, Q, R, S -co cy>3Sx> (s) 



d., b., y f> (i = 1, 2, 3) & S&fT&^Sb w. 



a. , z. 



b. 



- w z 1 + w z w + z 

J. 4. *-i XX X 

rv a: K r: i " ' 'V ~ 

^^**t ^^ * l^* ^^ ^ 1^ ^^ 

' r 



(9) [23:>a&2o3ett a., B., 7. oo 

v 111 



a. + B. + Y = 1, a a. + B. B. + y Y = ft ^ J> !> 2 3) 
i r i -'i i j *i r j *i *j J 

(3) 
2) ^A^> (3) SSbStfeaaoeieo >^So^b^eoo a., b. 








a l 2 + P x 2 + Y! Y 2 = =* (1 - w x z x ) (1 - w 2 z 2 ) + (w x + Zj ) (w 2 + z 2 ) 



(8) &od w., w , ; z., z o ScoSo&i a,, a, ; ,, b 

X ^ JC <Q X* 



bccoSSxio 







. V = ^ b 3 + a 3 b 2 + " 3 2 B + b 2 b 



3 
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86 



a., b. e& (6) 



(3) 





w i = 



W 8 . z r Z 2 Z 3 




a 

~ 



2(PS-QR) 



~ 



2CPS-QR) 



RS - PQ 



(10) 




(11) 



to k( 8 ), 



IT 



= c 







y= 
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2 Tb 

^MM V 

(3t, 3t 2 2t 3 ) 3 ^Ooitodfc 5(Sax>;&&> &>$ SjCfjtqp y = z - x = S* ~ 



V4H '"" 



" y *v iL2 . *\ 

a* + X D* + X c 







(X = 0, X = 

y (Y - y) z (Z - z) 



a 2 (b 2 -c 2 ) (a 2 - X x ) b 2 (c 2 - a 2 ) (b 2 - Xp c 2 (a 2 - b 2 ) (c 2 - 




3. / x + my + nz = 0, x 2 + y 2 + z 2 = 2cz e^o 2cD^>&> ax 2 -f by 2 = 2z 

2.S 




4. (u cos 9, u sin 0, c sin zQ) So (u, 9) Sg AoC&e<& 
(inflexional)^ '2 - S S6Sjw^> ^jtfj So 

(u, ft) 




5. x 4 + 3xyz -- x 2 - y 2 - z 2 + 2yz - 3xy - 2y -f 2z = 



(0, 0, 1) ^>g 3 - 2> 

(t* - 1, t 3 - 1, t 2 - l)f i J* 2 - 



- 8y + 6z = 



7. ax 2 + 2hxy + by 2 = 2ztfoi^^ 

a, b, 




8. 2 = 4cx 





9. (a cos 9, a sin ^6, c6) 1b 9 36 ftJ 
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x cos - y sin a 



BZ 






10. 






11. (u, u 2 ,.u 3 ) 



tfe'&b&fa&o 



12. (3au, 3bu 2 , cu 3 ) 



. u = ftg J 




(a"(2u + 1), bu (u -f 2), cu 2 ) Tb 



13; &S 




P, Q co "So&j 



Q ~ P 



14. 



- T, 
c t 



*"., 
t 



r~r 
D t 





, PT 
PQT 




toft 




ax + by + cz = 



2 2 2 2 



15. x + z = a, y 



fcbft So 



16. 



CSrttod. 



S^SStoftSo 



ft^Moo 'a 1 



17. r = at 3 







x 2 + y 2 -f z 2 = a 2 , z (x 4 + y 4 



e 

z 4 ) 




= a 4 c 



= [rad] 
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18. 

O O 

z 



= * (A 



A = 0, "k e 



xx l (a 2 + ji) yy l (b 2 + M.) ZZl (c 2 + 



a 2 (a 2 + X) b 2 (b^X) c 2 (c 2 + 
19. (a cos 0, a sin 0, c0) e^o^oodSSS cSS^. &>0oo'ftjpoab Z 



a 2 (x 2 + y 2 ) 



20. (a sin t, a cos t, a tan0 t) 2 oabodS) (i) 
(ii) ^^)oo^"&?poo 2 wSScodT*' ktfi^eaSD 33GC>a 



21, (4a cos 3 0, 4a sin 3 0, 3c cos 20) e>3o SgSaSo AcCbad^) (i) 



(ii) iobq*JS e>0oosi"&?p, (iii) ^^nDoos)"5?>, (iv) 




22. (i)lt 1 t 11 t^sk 3 ^ 1 -^!),)* 1 b 11 



23. z-S SS ^CJ<f6?> /bo^o SS ^o ^020^0^05 k = 



/ N * n Tl 

r = r(s) SIS&D&SJ ^^DSj^oIoSco ^od!6 r = -f J bus 



25. r = r(s) w^o2>S2co k SSoSoo663 e>oco^) r = pt - nds 



26. 3uS SjS2ooS6 lba'j(^"S9), ^^aoow"?)eo btfS^dT 0, 
sin0'd0 -k * 

: - TTT 

sin <j> d<() 



27, 




28. J 



75 T 

k 2 > T Z 





tan 



- 1 




(c) 




CT 



29. 



30, 



| v |3 




t, n, b 



v, 



eox> 



V. 



, m , 




= b - k m. 4- tm , m =-n 

lOO <6 



31. (a cos 8, a sin 6, ft9)) 



f(6) 



32. 



_d_ 
ds 



a (p r") 



ds Vp 



33. (i) 



(b) 




(a) 
(ii) 



, (b) 






itfo&aoeo (a) 



34. 4 



2ki 2 - 



d 2 r 

ds 2 



ds 
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35. 





36. 8-g 32co 3*Ba&:fco efot^ e*3*g 2o*S 3a&&>&D [t t 1 t 1 f ] = 0. 



37. Coinbescure 





CJ> ^ O 

(i) 

k l T i ds 

_, = ^ =T 





38. 8-^ S^gSoDTb P ^>g ft!b jCf^"4qp t 3od PQ = C e/b^e^ Q 

t asj-orfcttoa a ^r>b Q 






' 



39. (i) 3!3ug Sadff., (ii) 

N ' CTi Q 



40. (a cos 2t, a sin 2t, 2a sin t) 



(sin t + sin 2t cos t) x - 2 cos 3 t y + 2z = 3a sin t 

3 

t=- (5 sect -i- 3 cos 
a 



? 
^ . 



41. &,g. 2>g^x>^g6 ftdi>2DdJ6 (i) cr& ^fiooo'iqp, (ii) 

(3-0 




(i) k x 2 [d - Ck) 2 4- C 2 t 2 ] 3 = [CT 2 - k (1 - Ck)] 2 [C 2 T 2 -f (1 - Ck) 2 ] 



(ii) k^ (1 + C 2 t 2 ) 3 = C? t 4 (1 f C 2 T 2 ) 

+ (k - ct * c 2 kt 2 ) 2 
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42. 

i) (a cos 8, a sin 8, a tan a 8) 



cos 2 a sin a cos a 
a ' a 



ii) (a(3u-u 3 ),3au 2 ,a(3u + u 3 )) s. k = T = ~ U + u 2 )' 2 



. . M ,, * , . o . rt ^ . a cosec 2u c cosec 2u 
n i j i4a cos d u, 4a sin 3 u, 3c cos 2u) 23. 



, 

6 (a 2 + c^) 6 (a 2 + 



i v) <3t, 3t2, at?) a. k = I T. I 5= (1 41 2t 2 ) 2 

v) (a cos 2t, a sin 2t, 2a sin t) 



(5 + 3 cos 2 



2a (1 + cos 2 1) 3/2> a (5 sec t + 3 cos t) 

vi ) (a Vb t 3 , a (1 + St 2 ), a Vb r) as. dr^ti a" 1 (1 + 3t 2 )~ 2 

vii) (2abt, a 2 log t, b 2 1 2 ) 23. t,%Si3 2abt (a 2 + 2b 2 + t 2 )~ 2 

* * \ 

VII 1} 



ix) (e'J, er, NU) . k = Itl =4>/2 cosh 2 u 



x) (a (u - sin u), a (1 - cos u), bu) a. SiSrf a (b + 4 ^ 2 si " 4 u ^ 1/2 

/ 1 1 "^ 

I b + 4a 2 sin 2 ^r 

K 

<L BUI u, a cos ztf;, = 

4 

\3 



(a cos 8, a sin 8, a cos 28), 8 = 

4 



a (1 + 4a 2 ) 3/2> 5a 

(a tan B, a cot 8, a >/2 log tan 9) B . k = T=-^l 



xiiij 



iv) 2a cos 2 2a sin cos 2a sin ^ 
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3 cos 2 



u 



,1/2 



u 
3 cos^r- 



23. 



j 1 + cos 2 'a 5 + 3 cos 2 

v 



xv) (a cos u sech u, a sin u sech u, au a tan hu)' 

2 

as. sech u. Jbtfcr'B 
a 



xvi) (a 9 cos 9, & c:n 9, ab 9) 



25. 



[4 a + b 2 + e 2 ) -r & 3 (b 2 + 



a (1 + b 2 + 6 2 



b (9 2 + 6) 



' a [4 (1 + b 2 + 2 ) + 9 2 (b 2 + 9 2 )] 



txvii) (a cos h t, a sin ht, bt) 
a 2 (a 2 + b 2 cosh 2t) 



' (a 2 cosh 2t + b 2 ) 3 ' a 2 + b 2 cosh 2t 



xviii) (x, fix), g(x)) 
(f S" - g' f ") 2 



' 2 



2g" 



f g'" -g" f " 



(f "-g'f' 



xix) x 



^ 
xx) 



x 2 -y 2 = 



(5a 2 



6 (a 2 - z 2 ) 1/2 



" : (5a 2 -48 2 ) 3/2 ' (5a 2 + 12z 2 ) 
(8 + 59 2 + 9 4 ) 1/2 6 + 9 2 



- a (8 



9 4 } 



3. x 2 + y 2 H- z 2 3, xy .+ yz + zx 1 5 




2 V3 




So 












It 1 t 11 t lll 



= 



yd* 3 
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47. 



&* Jbtfto/fc 




48. US 



2 - 25 



Soft 



49, k, T, R 



; x, y) 



si. 



* 





P 2 2 7C 4 






Oo<Sb^jSj 




(a sin 6, a sin 6 cos 6, a cos 6} 





t a 
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57. ((a sin u + b cos u), (a cos u + b sin u, c sin 2u). 



58. 







us 



i 2 

i- = (p 1 + p 2 T 



1/2 



59. 






- t, n, b o 



60. 



(i) t 



, (ii) b 



61 





62. 





63. 












(cusp) 



64. (s 4 ) - 




k 2 s 3 



65. 



(s) 



(s 4 ) - 




3 k 2 t 



66. 




O, P 



s s 



(i) 0, P o 




SR dft 



(ii) 0, P o 
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67. 



68. 



72. 




O 



5 









twisted 



I" 



69. (a cos 0, a sin 9, a 6 tan a) 



x = - a tan a Itan a cos 9 + sec a sin 6 tan \|/1, 

y = - a tan a [tan a cos 9 - sec a cos tan \|/J, 
z = a 10 tan a - sec a tan y] ; \j/ = (0 sin a + c) 



70. (u, u 2 , u 3 ) 



71. 

















74 




1 









76. 



77. 
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75. (1 - ak) sin a + ax &> wSSoS&o 3b (i) 




(ii) 







78. u = u (s) oC&raJT /f i S'ft S^gaoD WQOD^ crS B^cxS" 
r SB a J uds - a cot a J (u A du) 5)3bo63 ^rb 




V 

!btfS3j*to^> 2>i SScoco ^crax)). 
79. 3o<S" ^tfCt^bodT* >G*Z> ^ooa"&5)0 ad^eo (i) 




(ii) ' 






. s (cos 6 + 2 sin <b) 

80. p = a = s 3 &r-DoT5o<> ^t^SoD x = - = - 

^ 3V2 



s (sin <(> - V2 cos . , . 

y = - z = - - 1 -; <^ = V2 log 5 

3V2 



81.- p = as, <5 = bs 3 



82," p 5= asin-, a = 2a o3 ;&SDo3&> 2>i^2oD 'a 1 





p = sin-", a- 



3. 





oJ <X 

2 



3.1 





r (u s v) = (X, Y, Z) e& x = X (u, v), y = Y (u, v), z = Z (u, v) 



z = x 2 y 2 



(i) x = u, y = v, z = u 2 - v 2 ; 
(ii) x = u + v, y = u v, z = 4uv 

(iii) x = u cosh v, y = u sinh y, z = u 2 






( z e IR) ^>S (u cosh v, u sinh v, 
z 




X(u, v), Y(u, v), Z(u, v) 
(Connected) ^2o^ T 1) (uv S 




(u, v) T 





(x, y, z) &26rfe:fco (Stog^ z* SJVteoSo Jrj> xyz 

T cS5x>g. >o3s> r(T) So^bdoS 36dte:to' wd3to r,T 




r(T) 




r u v> r 

=0 







o 



(i) /^^S : r - (a cos u cos v, a sin u cos v, a sin v) 



(ii) o&3> t r s vu sin a. cos v, u sin a sin v, u cos a) 



(hi) 












= o 

oo-2oo) ecjco^) P(o, y,z) &oeS>^) C5>o^^ ao<^$)sx> Q(x, y,z) 
P, Q o z - 3tfrp^2toco ^^-X>2a>, Sodolo a (z vSSv ^od -^ 

z = ftu) ^^)^>o6. (CQ = OQ 1 ) 



x - egSaxSr 6 ^^tt&o 3!bS x = u cos <|>, y = u sn 

w, 

Q 



x s u cos <|>, y = u sin <>,'z = flu) SS z(u) 



100 





3.1 



: u = 





= 0, z = flu) 



', 27:3 



zx 



. z - 



: r = [g(u) cosv, g(u) sinv, 



erf) 



x = g(u), 



eoc helicoid 



r = (u cosv, u sinv, av) 



helicoid 
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= [g(u) eosv, g(u) sinv, f(u) + av] 



t 



3v 





u = 







r = r(u, v) 



u = u u , u 

? * 



, 

1* 2 



u - 



. v - 



coordinates) 



= r(u, v) 



v = 






P(u , v ) 



u = u 



. 




3.2 






(i) ^ ( , v) 




36^ 




(currilineer 
i* 
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, rt 
12 



, z) 3(z, x) 3(x, y) 



, ,^ 

d(u, v) f 3(u, v) d(u, v) 



r (u, v) 



2 : r = (a cos u cos v, a sin u cos v, a sin v) e>16 







u = 



V V 

= tan u> ( ? g tan a) 
x o 



v = 



I 9 9 = ^ n V Q ( * tan P ) 

V x^ -f y z u 



+ y 2 = az 2 . 



3*3 



fix, y, z) = 



Vf 6 




r, 





3.3 



(rrr )-Vf=0 




= 



(X-x)f +(Y-y)f +(Z-z)f 

* .y 2 

X - x Y-y Z-z 



=0; 



= r(u, v) 



r. A 



(R - r) - (r A 



= [(R _ r ), r ^ 



R - r = 



A rj 



2. 



r ! AI 2 



= 



3s z = xy 



(2, 3, 6) 




r = (u, v, uv) 



[R - r, r r rj = ; 



i=2, v = 



z(y-3)-(z-6) 



es)o6o 




- 3X, 3 - 2X, 6 + X) 



4: * 
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trtl 



(y- 



y ) f y + 



Z Q ) f = (P Q sg) 



(x - x x ) y x z x + (y - 



(z - 



= 



X 



-- + - = 3 (P 




ABC 5 



v| = 



0001 



01 



3y, 1 







27 



9 

- 






5 t x 2/3 



..x - x,) X, 



= a 2/3 






a^ 3 , 



a 2/3 



3- 6 : 



* y 2 ) * xz = 



V 



< xy - 



xyz = 



s - x, t,2ax 1 + y^) (2ay 



V -* 



I Hi*!** V\ 

|^**. X}f - 



(2 _ 
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i* -2L 

x l y l 



0083 



22 

7: + + 



2 



P S 






G 1f G os G,, 

1 Z 



P(x-, y,, zj 

JL i. 1 



PG. : PG : PG 

1 2 



X - X 



2x 



a- 



l 



z - z 



2z 



yz 



G 



I u 


a ; y l kc 


; ^ x 


} 


b 2 


c 2 



G 



2 



,0, 



c 2 



xy 



3 



\ 



-,o 



= a 4 



\ 



2 v 2 z 2\ 

1 y l 1 



a 4 " .b 4 " c 4 



PG2 



2\ 



v 



Ml ^ 

a4 " + - b T + ^4 



PG > = c 4 



X 2 V Z ^ 

1 ^1 1 

^. _ - ^. ..-._.- 



\ 



b 4 



PG. : PG : PG.. = a 2 : b 2 : c 2 es^dbofi. 

X Zi > 



3.4 b^ 3o*a><5d> 



S^SSSa e^StfelS 



f(x, y, 2, 6) = 



= 



> 8 
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a) 



f(6 '+ 69) = 



v. 



= o = e + 69) 



o, e + se) - e) = o 
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df 

f(8) = 0,-T = 



9 



f(9) = 




f(9) = 







fie) = 0,r = 





3.4 



(9) 



Co. 



SSBtf oftoSi 



e* 



f = = f 



f = = f, od* 9 





Vf 



if +jf -hkf 

Jr Z 



(9 



x, y, z o 






1-Q7 



f e =0 




f)j 



VE = 





ftr > 8)=0 




9 = 



r = r (6, 



r = r (a, 9) 
a) = 



fir, a) = 



, r= r(9, 



r = r(a, <(>) fir, 9) = 






8 s 3xt 2 - 3yt -i- z - 1 3 = 



-t = => f =6xt~3- 



f(t)= | (t-x)f t + 2(x 2 -y) t + (z-xy) = 



(f = 

W 



t= 



2 x 
z (x* - y) 



= = -- 



(xy z) 2 = - 4 (x 2 - y) (zx - y 2 ) 



d) 



(2) 
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t 2 



2(y 2 - zx) xy - z :~ 2(x 2 ~ 



(xy - z) 2 = 4 (x 2 -y) (y 2 - zx) 



g s .__ ^..-^- = i, (u 
u b-f u c-fu 



(a + u) (b -f u) (c -f u) - (b -^ u) (c + u) x - (c -f u) (a -f u) y - (a + u) (b + u) z= ( 



(1) 



r? 



y-f 



a)-z(a-t-b); 



v = abc - QXX.+ cay * abz) 



(2) 



(3) 



(1) ^ 33, (3) &> - u 



(4) 



(3), (4) e 



u 



u 



2(3Xv - 



- y 2 ) 



u 



(9v - Xji) = 4 (ji - 3Xv) (X - 3|i) 



V, |i, v co 



(2) 3 
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3.5 (S&JftScfe 




y. Z , 8)^ 0. 



= ; x, y, 2 , 8 + 56) = 0, 



S9) 






00 



t, 



-\x 

f - o, = 0, j = ^ood 6 



60 ~ 



f = 0, f fl = 9 f fia = 



SSofl. 



3.5.1 





-w. 

fix, y, z, 0) = 0, TT = 




(3f \ 
3r) = ( f a> 
307 v x6* 



. 9 = 6 (x, y, z) 



= 0, - =0 o e*> 




Vg 




9 s f (x, y, z, 6 (x, y, z)), g = f (x, y, z, (x, y, z)) 
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x, y, z o 



VP- - Vf + f 

co V g - V1 e f 



'*P 











(Cusp) 





= = f ee =* Vg = Vf 




x 











10 : 60*. 8 

= 3xt 2 -3yt+z-t 3 = 

x = t, y = t 2 , z = t 3 S^jofi, t 3 S*oRo3& 3fy -z = 0, xz -y 2 = 





: 3 :bcp2D&e 6S6d(oSa f(x, y, z, a, b, c) = ; <J> (a, b, c) = 0' 




df=f da + f db + f dc = 0, d<)) = A da + 0,, db + <|> dc = 

8. D C 8 D , v 



= df + Xdt = (f a + X$ a ) da + (f fe + Ju^) db + (f. + H c ) dc'= 



a, b, c 



-f -f, -f 

^ a b c 

A ="T =* = 
d> 

T a 



f, $ ec a,b, c 



af +b 4-cf =mf (2) 

a D c 




a 
!bgtfca2ooeo (1), (2) o^ood a, b, c 



12 : a 2 ! 2 + b 2 m 2 + C 2 n 2 - p 2 = eo)52rj<SD Ix + my + nz - p 



f = a 2 ! 2 + b 2 m 2 + c 2 n 2 - p 2 = 0, F=k + my + nz -p = 
Fm 



fi "f "f W 

I m n H 

_x 'y z - 1 __k 

2 a 2 ! ~ 2b 2 m "" 2c 2 n " - 2o "2 



(IF + mF +nF + pF . = F ; If, + mf .+ nf +pf = 2f 

I mn^ 1 ^ 



m n 



1, in, n oo F = 



f = a^ i SStbcO^ 33 

V. CO, -> - 



13 s x sin -y cos 8 + z = a0 



y 

(2) => tan 9 = (-.- x = a cos 6, y = a sin 9), 

x 



(1) 



(3) => tane=-efg 

" 



/% " /\ ./ 

cos = . . , sin 9 = . , 

2 2 



(1) 
f = x cos + y sin - a = - (2) 

s 

f = - x sin 4- y cos = - <3) 



(2) =^> x 2 + y 2 = a 2 
(1) =^> z = a tan" 1 -7 . 

JV 

Z 

x 2 + y 2 = a 2 , y = x tan - 
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3.5 



r -n = a 






3 



a ^ood 



n, ,n eo i&j-do "oCfc 



n /v n, n AD , n A n oo ^a* "6DoCb ^^oi 3f 



r = a (n A h) + |3 (h AH ) + y tn' A nj 



(3) 



r n = B In h n J = a, r h = r |n h n I = a 



r n = a In h ri I = a 



L, L. 7 o 



TC , TC S o^ b^oO^jjc^j L , L t> o> 

. L L c> 

j. 4 

G 



r n = a, r h = a, r -n =a - (1) 
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(h r*\ n) a + (n A n) a + (n A h) a -. 

, * * ' - ' 

(n n n,) 



(1) SO (2) 

V 
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J 



3.7 





CteSScoS 




(ruling) 





(Scroll) 



3.11 




3.6 




3.6 



r - n(t) = p(t) 










(* 




- -, 





















r - n = p, r - h = p, r n = p o Sood 



r n =p => r + r -n =p => r - h = 



TT fir - n) = efg f - n = 



r A, oj n 



=> r AT n s^ r A r 



n JL 



n l(r n - p = 0) 



2. 



= r(t) + A.r(t), (r 



R. A R, s'S R. A R, = (r + Xr) A r = X (r A r), 

t A. I A. 



< cx 
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14 : (6t,3t 2 , 2t 3 ) 



x-6t y-3t 2 z-2t 3 







t 2 
2b 



(1) o&od t 3 



(1) => t(- 



=> 



(2), (3) 



t 2 



4y 2 - 3zx xy - 9z x 2 - 12y 
(xy - 9z) 2 = (4y 2 - 3zx) (x 2 - 12y) 



ow OC 




(1) 



(2) 



(3) 



(A) 



: r = (6t, 3t 2 , 2t 3 ) = f 

R = 



=> x-t = 
t ec 

(A), (B) 



(B) 



15 : xt 2 - 4ty + 3z = 0, 3t 2 - xt + y = 
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^ 



(2tx - 4y) 5t = 0, (6t - x) 6t = Oao 0(6t 2 ) - e>ax>3 SB Sgt>?> o Conoco 
=> x = , x = 6t ef $ x = 6t, y = 3t 2 , z = 2t 3 ( <3*J 

=> 3zx - 4y 2 = 0, xy - 9z = o 



3.8 



., y-, z 



(x x )f +(y-yjf + (z - z ) (- 1) = 



f f o ^o<5e 2-S Sooo<5Sco 25!be5o^&o<3. e!^ f ^o f 

f = <(> (f ) 




f rrdjf.f =(() l f =f f =f <&$ s 2 = rt 
T '^ xyyxxx 




rt = S 2 = => 



f , f 

x' y 



a (f x . y 



, 

z = fix, y) ^^^J ^o^o^o 3aSDo-x2c>o&> e^^ ^^fe ^o^So^aD s 2 = rt 



4 or 16 : xyz = a 3 



e^dboo-, src- 



- 3 



2 
s = 



4a 6 



. 



17 : xyg(z) = a 3 



x 






yg + *yg' P = o => s 



, y 



r = 



/ 
z - 

k 2 



gg ?/ 



12 



s = 



S 

a 



- 



g l2 J 




g(z) 



3.9 






= 



rt s S 2 
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(r) 



(R - r) - b = 
=> -r'.b-(R-r)-Tn = 



(1) 

(R-r) n = 



r f - n + (R-r) - (tb -kt) = = (R-r) t = 



(1), (2) o 




(1), (2), (3) o 



R-r = 



2. 




(r) 



=> -r 1 . t + (R-r)-kn = 



(R-r) 



(R-r ) . n = p 



[R - (r + pn)] n = 



=> (R-r)- (ib - kt) - rin = p 1 ef^ (R-r) (tb-kt) = p 1 



(1), (2) 







(1), (2), (3) o 



R-r = pn -H ap'b &S R - s 



R 






3. 




k (tt + kb) 
^ _ , , 



(2) 



(3) 




(1) 



(2) 



(3) 
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r' - 




(1), (2) o 
Orb kt) 3 ooa^coeo 



n A (xb - kt) (=s Tt V kb) 




kb) JL(Tb-kt);tt 



(l)Sood (R-r)ln = R-rll tt + kb 



(1), (2), (3) o &>od 3$ (3), (4) > ood 





R "" r = 



, , , t 

K t KT 

k(tt + kb) 



k't - 



18 s 







_ r ) . t a = - (3) o 



(r) sg orSSolbafc *o abSfioa*? (B-'-r) n as e^t&ofl. - (1) 



(R-r).(tb-kt) = 3 (R-r).(rb-kt) = - - (2) 



k + OR -r) - (tT> -k't) = e)tooa - (3) 



(R - r) e&> ^><S^ t5* = tan~ 

"&SP (R - r) = X (it + kb) ' - (4) 



r = r + (C - S) t 5^)3bo6 - (1) 
(R- r> n = - (2) 



(1) 



s n 



(3) 



[R-r-(C~S)t].n = 



(2) 



ow Ot 



19 : 





(R - r) n =0 



r(s) 



( 1) 



(R-r)-(ib-kt) = 



(2); 



tan ( = . 



=> (R-r) 






- tn - k tan n - sec 









V 



(R - r) t = sin d> cos 6 



ds 

TT 
aq> 



tan0 = efe 



(3) 



(2) 



ds 
(R- r) b = tan $ (R - r) - t = sin 2 <l>-rr = A 

acp 



(A) 



X,- x = - (cot c))) 1 



(4) 



(1), (2), (3) 



(2) => 



= tan<|)(R-r).t =X => R-r = X(b + cot0 



R 
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" * * 



/ 1 \ 

b) -f X I k cot <j>n - r- t - in J 



. 

1 sin 



(a) 



-. t, = cos 6t 4- sin <j)b 



k n S L = (- sin <j>t + cos 
* j- * 



= (- sin 0t + cos <j)b) 






dS dS 



(5) 



J A 

-T?r 
do 



(k cos <|>n - 1 sin (|>n) 



cos 



(6)= 



p i = 



dS 



_d_ 

dS 



= A 



= -n (5, 6 e 

dS. 



dS 






k 

MMMM 

sin 



sin 



sin 



n 





i = P 2 



(sm t " COS 



sin 4> 



(a), (3) 




20 : z =: 0, Y 2 = 4av - v - n ,,2 
,y 4ax , x _ 0, y~ = 
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z = 0, y 2 = 




y = mx + + Xz VJQ&Q&. t &2otfo:S x = 0, y 2 = 




x + -^-s- = e?^ m 2 = 



a m^ ax 4- bz 



y 2 = 4 Xax + bz) 



21 : x = 0, z 2 = 4ay ; x = a, y 2 = 4az 



o 



x = 0, z 2 = 4ay 3 a 



z = my + 4- 
m 



z /a \ 1 

y = -| + Ax j 



x = a, y 2 = 



y a + am tirttSco^T* 
m 



X = 



m m m 




a (1 + m 3 ) - 

~- - - x . 3tf fdn) a m%t - 2my + z = 
in 




y = z + r- 

A, 

b .a . bm 

T"= ^s A, = - 
/i m a 

. mbz a ' ^ 
y = mx +-^j + ^ "Bodo .a^S530o& SjOj^oa. &!b$tfeaooao m 
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. f (m) = 3m 2 x - 2my + z = 



f (m) = 6m x - 2y = o&od m 



=> m = ; f l (m) = &> (3x) 



m 2 - 2m (m) + - = & m 2 = 



v mz x 3. 
f(m) s ^o x 3 craoO^ m 3 - m 2 ^- + - + - - =0 



- m 2 (3m) .-f m (3m 2 ) = ~ efS m 3 



(m 2 ) 2 = m 3 m ; m 3 = (m 2 ) mo &>od 

z 2 y(a-x) a-x 78 
9x 2 3x 2 : x ~9x 2 



3x z 
-x) ' y" = 3( a -x) 




22 : z = 0, y 2 = 4ax ; x = 0, (y - a) 2 = 4az 



(a + y) 2 = 3a (x + y + z), (a + y) 3 = 273^ . z = 0, y 2 = 4ax So j 6joCfc 






= 0, (y-a) 2 = 4az 



- a 



^- a 
m ~ a = 



mx + ~ 
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f = 6mx-2(x 

nun 



= => m 2 =- 



3. 

f=0 => m 3 = 

fc. 



(m 2 ) 2 = m 3 - m ; (m 3 ) 12 = (m 2 ) 3 

=> (a + y) 2 = 3a (x + y + z) ; (a + y) 3 = 27a 2 x 



& cr 23 ; x = 6t, y = 3t 2 , z = 2t 3 



oJ OC 



r = (6t,3t 2 , 2t 3 ) => r = (6, 6t, 6t 2 ) (t) 




dbr 




R(x,.y, z) 



o Xood ScrZbS (t) 



xt-y = 3t 2 ;yt-z = t 3 => t (xf -y) (= 3t 3 ) = 3 ^t - z) ef $ 



xt 2 - 4yt + 3z = 

t 2 t 



3t 2 - xt + y = 0. 

1 



3zx - 4y 2 9z - xy 92y - x 2 



(9z - xy) 2 = (12y - x 2 ) (3zx - 4y 2 ) 



24 



oJ 



'(3) 



oJ C^ 
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3.10 




a, boo Stforf .3a*2D&oooo;S f(x, y, z, a, b) = 



a, beo 






f(a, b) = 




f(a, p) = 0, fla + 6a, p + 







( 



"\ r 



= = TT 5(X 



8a : 8(3 



0, f x .+ IS = 



5a, 



X ID 



f = 0, f = 0, 



6oeo&ofi. X 







f = = f = f.o ^ood a, 






f = 0, f = 0, f a = 

Ct 



a, 



x, y, zo 
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f a = 0, f = Oo &od SSoJTS fta, p) = 0<S* ^20l&1j ffa, p) = 



Vf = f f x , f y , f z ) VE, E = f(x, y, z, a(x, y, z), P(x, y, z)) 



. VE = Vf 



F(x, y, z, a, b, c) = w^o ^B^o2cD^>&> ^0*^0^00 a, b, c, f(a, b, c) = 



' o 



F F, F 

a b c 



F s 0, f = 0,7- = -p = -p o ^ood a, b, c o^o 5r*oftoCtt 2o<S. a, b co 

a b c 




, c SoODd a, b oS* f(a, b, c) = 



c c V ~~J c c 



F F 

a b 
=> -r- = -j = -r 

a b c 



(4)2 

CX w - 

F F, F 
FsrO.fsO,-^ = 740 &od a,b, c 



a 



^ cr 25 t X, |i c 



z 
a " % " ^" b % ~ T ' c 
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X 

a 



z 

c 



(1) 



a 



be (a - x) 



- 

a b c 



bcCx + a) 



a (cy - bz) a(cy - bz) 



(1) 



2bcx 2 



(2) 
' 



+ 
a 2 (cy - bz) be 



cy + bz b 2 c 2 (a 2 - x 2 ) (cy - bz) 2bc 



a 2 (cy - bz) 2 be ~ cy - bz 



2x 2 c 2 y 2 -bz 2 a 2 -x 2 



y 2 z 



26 



a, b,-c 



a~ 2 +b~ 2 + c~ 2 = K~ 2 







X 

a 2 



F 



F 



a 



2'2 > f 



F F k F 

a b c 



= r = F ==>ax=by= 

b c 



27 t k + my + nz = p 



a 2 ! 2 



2np = 



2 2 

^ +'- s 2z 
a 
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F(I, m, n, x, y, z) = Ix + my + nz ~p; f(l, m, n) s a 2 ! 2 + b 2 2 + 2np 












f l f m " f n f p 



2n 



~ nx 

a 2 



F = 



X' 



f 

a' 



f = 



28 : 



(a, p, y) 












(a, 8,7) crccr 

eJ 



a-x, (3-y 



(=r) 



(a 2 ~ X) p (b 2 - X) y (c 



ax 



Py yz 

+ ,9 + "S 7 = 1, (t = y 
br-ft c^ 
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fi3 



s t 3 + At 2 + Bt + c = 



3t 2 4- 2At + B = 



=> - = 



(9C - AB) 2 = 4 (SB - A 2 ) (SAC - B 2 ) ; 



(A, B, C eo Tto 



3*11 



3*7 




(Scrolls) : 






So 



- directrix 
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r = r(t) 
A 
R a r + ul 



C, A 



R 





1 (r ) f 



g, g + dg O 



dr Q ) e 



R = r + Xg, R = (r + dr) + |i (g + dg) 




S.D. > 



A 



g A 



g A g 



t 6s 



(i) 



(ii) 




[tgg 1 ] = 3$ [tgg 1 ] * 



29 $ a, b, a, pco 



y = bz 




= (a,p,o);g=(a,b,l),g' = 




[tgg'] = 



a 1 1 



a b 1 
a 1 b' 



= a'B' - b'o', 




30 : 



d3g^_ (i) ajtf;"6, (ii) 




(i) R = r + Xt = g = t 



= 




x = az + a, 




, (iii) 



g = n s-$& [tgg'] = [t, n, (tb - kt)] = T [tab] = t 



(iii) g = b s^)S [tgg 1 )] T [tbn] = t. 






. T = 




a 




3.12 

r = r (u, v) 6S83j2knSo esOooa'S? r n r So 




P(r) 
r), R r R g = e$)dboa. "Sgr-es 6S5eSo2a3o&> R = r + vg 






= g 



[R -r,r l + vg r g] = 







42.5^0203^ 

= az + a, TI = bz + p, C = z, (a, b, a, 
t, 



7i, 




R = (g, n, Q, r = (az + a, bz + p, 2 ) 



x = (a'z + a'), b'z + (3', 0), R = (a, b, 1) 



=* R i AR 2 = b'z + P' - (a'z + a'), b (a'z + i) - a (b'z 

P(r) 



a)} (b'z + p-) - {^ _ (bz + p } (& ' Z + a .) , (C _ 2) 



{b (a'z + a') - a (b'z + p')} = 

+ ot)] (b'z + P') - fa - 

H; u 



+ - n * 
z + a ) = o A 



(JocbAo2co. 




a, -q = b + P >&> 32o*o&D6 &S sp e>$tf (t, z) 



a 1 (3 1 -b'a 1 = e&r = (= X) 




- a C - a) - X (T - bC - ) = 




(t, 



zee 



o 

(1) 

(2) 



r(t) 5CStf2S2ao"i >od<o$), g(t) 



P(t, v) 



A 



(r 

V * 



. A 

/ 



t btfo-9 $)&oa S'$)S> -^ 2362^9^ 
t + vg t ) A g s& 



r t Ag=0;g fc Ag= 



=> r = 
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=> r= 3btfcH& g <3*tf SjaSj-ajCjj *)to< ; g 





, R = r + v r t ; 








: r=r(s) 





R(s, u) = r(s) + ut (s) 



u > ; P Q P = - a 2 t ecxx>^ u < 01 




> 2, Srf > 





= r + ut, 



R = r + un 
R = r + ub 




3.13 









(2) 



[u - 3^S ^CP^a, I u| 3jtfj&o<3>3> P Q (s) &>od P(s, u) -So <Sr-C^ ; P Q P = a 2 t 




g 2 
g ecepSSyda P - C 

* 

C 






2. Striction S|X&^(^) t aSS^o-.toAoib'Coabjo >o&>^<S5a)Sp Striction 
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3. 







3.8 



R =.r 4- 



, 

r = 




m 



m - n = 



m 



5 



R = r 4- ug 






m g = 



m = 



g 4- 6g 



Cg + 8g) m = => g' m = 



g' (g A n) = => (g 1 A g) - n = 



R = r + ug 



A R = Hn = (r' 



g 
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=* (g' A g) (!' A g + u g' A g) = = (g' A g) - (r 1 A g) + u(g' A g) 2 

=> (g 1 r') (g - g) - (g ! - g) (r f - g) + u [(g' g 1 ) (g - g) - (g' - g) 2 ] = 



' 2 =0 ( 



n 



u 



R = r + ug 



(g' 2 * 



u 



31 t 



x-oc y - 



2 - 



n 







- a y-p Z-Y x - (a + da) y - (P- + dp) z - (y + dy) - 
1 ""m ""n * 1 + dl " ~ 



r =-a + Xn ; r = (a + da) M- (i (n + dn) 



" 

n A dn 



S.D = 



n n dnj = V(n - n) (dn dn) - (n - dn) 2 = Vdn dn = sin 



= p-= 
^ 



. ' = V 1 n , 

sin d dn - dn 



da dp dy 
dl dm dn 
1 m n 



X 



(dt) 2 + (dm) 2 + (dn) 2 



32 $ 




Striction 



q>o<Sa 
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Q 




m 



= 0, m-(n + 5n) = 0=> in -811 = efe m = p(n A dn) 



m = q(n A ji 1 )) GrftStoff* s-^ 6ooDo6. X 
a 4- Xn 




n 

drtbaoSSo) e$Soot?> n A (a* 

m - (n A a f + Xn A n f ) = 



q(n A n') - (n A a 1 4- Xn A n') = => (n - n) (n 1 a') - (n - n f ) (n - a) 



+ X [(n - n) (n f - n') - (n - n') 2 ] = 



(n' A n) . (n A a') . , (n' . a') 

X s - - s : 3 X = ; 



(n A n ) 2 n - n 




a - 



i 
X 



a6 (a - XI, -S + Xm, y + XnX 
I (mn 1 - m^) (np f - my) 



/ t 

(inn - m 



& a* 33 : x = az + a, y = bz + |J (a, b, a, Po t iS&o&Sos 0000$) ^ 



eaooS 
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firtfite S.D. = 



A 



p = 



S3 [r 1 gg 1 ] 



g A g 






dt 



'p' - b'a 1 ) (U a 2 + b 2 ) 

.. ^ - ^ - 

a 12 4- b 12 + (ab - a b) 2 



31 



r = (a, p, y), g = (1, m, n) 

a p y 
1 m n 



n 



(I 1 + m 2 + n 2 ) 



(mn! - m'n) 2 4- 



? -I'm) 2 



da d(3 dy 
1 m n 
dl dm dn 



(mdn - ndm) 2 + (ndl - Idn) 2 + (1dm - mdl) 2 



da 



1 m n 

dl dm dn 

(I~n 2 )<dn) 2 + (1- m 2 )(dm) 2 H-(l-l 2 )(dl) 2 -2{lmdldm + mndmdn + nldndl) 



da dp dy 
1 m n 
dl dm dn 



(dl) 2 + (dm) 2 4- (dn) 2 - (Idl + mdm + ndn) 2 



(1, m, n) (dl, dm, dn) = 



da dp dy 



1 m n 

dl dm dn 
P== (dl) 2 + (dm) 2 + (dn) 2 
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34 : &<3*. 33 "* Striction 



i 

r = (a, |3, 0) ; (1, m, n) = ( a , b, 1) sr^S 60-. 32 Xood Striction 
ao<2o;) 

-b'p' -a'g f + (ab 1 -a'b)(ba' -ap 1 ) 
2 + a !2 + (ab i _ a i b) 2 



- a'g* (1 + b 2 ) - b^ 1 (1 + a 2 ) + ab (b^ 1 





35 : ~+ 2 2- = 1>^ 6^6^0203^)^ Striction 

x a cos 9 y -a sine z 
: r =-^ - r- = - 
a sin - a cos 6 c 

r = (a, P, y) = (a cos 8, a sin 9, 0), g = (1, m, n) = (a sin 8, - a cos 9, c) 
=> a ( = -a sin9, p 1 = a cos 9, y 1 = 9 ; 1~ 1 = a cos 9, m 1 = a sin 9, n 1 - = 




(mn* -m -n 

x = a cos 9, y = a sin 9, z = 



36 : a Si&te' o*S 
Strietion 








= 0(a[R-fr 



R = r + Xb ^2o<$o2oD (ii) o 



Se& tft, 
140 * 



b A 8b = (b A b') ds &t Ttds 



Striction S&u R = r 



(1) 



, 

jr 

[tibnl(-t) 



s - s a 

T 



(2) 

It, n f (tb - kt?l 




3 




2, a (yz 4- zx + xy) = xyz 



= 4 



, _ 2 , 3) 



z s x * y ^63fo2D>^)&> (1, - 1, 2) 3 rfoa 2x - 2y - z = 2 
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4. 2xz 2 - 3xy - 4x = 7 S&> (1, - 1, 2) 



f 
o o 



5. xyz = 4 



= 



6. 2xz 2 - 3xy - 4x = 7 



7x - 3y + 8z 



(1, - 1, 2) 



7. 



X V 



, u - 



8. 










c- 



9. al 2 + bm 2 + en 2 = 



4- 75- + -s* = 
a \r t* 

10. x 2 4- y 2 = 4a (z - a) 



Ix + my + nz = 



x 2 + y 2 - z 2 



11, 








12. 











13. 
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(i) (e* e~ \ Va) , (ii) (a cos9, a sin9, c0) 



14. y = tx - t 3 , z = t 3 y - t 6 

* 

y - 4z = 0, x 3 - 2yz = 



15. F(x, y, 2) = 



F F F F 

xx xy xz x 

F F F F 

yy yz y 



F F F F 

zx zy 22 2 

F F F 

x y z 



16. (i) (u, u 2 , u 3 ), (ii) (a cos 9, a sin 9, c9)o 




17. (i) z = 0, y 2 = 4ax; z = c, x 2 = 4ayo 



18. 



K T KT 

k 2 (r' A r"') 



T 



" 



19. 



y 2 = 




, (ii) c?3 



, z = c ; x 2 + y 2 = 1, z = - c 



z = 



2y = cosa + X cosp ; 



20. 



(i) -5o&> 



.e5SBoC&& t (ii) 



(iii) 
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21. z = 0, 4a 3 y 3 = b 2 c 2 x 2 ;y = 0, 

(a 2 yz - bc 2 x) 2 = 4a 2 (bzx + ay 2 ) (cy 2 + az 2 ) 



< <x 



az 2 4- c^ = 0, a^z - bc^ = Oo 3<$6 S^SSco 



22. *?6g$aeo xy = 1, z = 0; y 2 = 4x, z s 

8xy = 9(z - I) 2 



o Oi 



23. x 2 + y 2 = a 2 , z = 0; y 2 + z 2 = b 2 , x = 



a v a 

h rf* ^ f 

222 



24 - I? + & + TsT &> A JSM aa x = 0, y 2 + z 2 = a 2 

d 



xy- 

r 2 Z 2 

a 2 b 2 - c 2 a 2 - c 2 



25. x 2 + y 2 + z 2 = r 2 , ^- + p- + ^ = 5- 






z = 

a 2 (a 2 + c 2 ) b 2 (b 2 + c 2 ) (a 2 -b 2 ) 2 



26. (i) y = tx - 1 3 , z = t 3 y - 1 6 e>^> ^ 

(ii) x = 2t 2 z + 2t 2 z + 2t (1 - 3t 4 ), y = - 2tz + t 2 (3 + 




X V 2 X V Z 

27. -T + r^ + -T = 
a z fcr c^ 
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_ c 2)2/3 



C 2 / 3 (a 2 - b 2 ) 273 



2/3 






28. 



Oi 



= (a-b)(2z-a);y = 



273 - 



-Ir 



(a - bF' 1 = 



29. 



y 2 -f 6ax = 0, 64xy = 9z 2 



v a. v 

x -t-y 



x' 



' 2 + b 2 "G 2=1 



e^o^co zx 



X 2 Z 2 C 2 



a (c0 z) 
31. cos8 - y sin0 = a, x sinG - y cosG = ^ o ^ood 6 



32. a, b, c, p eo 




ax + by + cz = p 



D 




a a- a'' 

/ f 
b b' 

c c/ 



P P 1 P" P" 



a a' a" a" 



b- b 1 b" b 1 " 



c c 1 c"- c"- 1 
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33. z = 0, x 2 + y 2 = 4a 2 ; x = 0, y 2 = 4a (x + a) 




(2a, 0, - 2a), (- 2a, 0, - 2a) 



34. 







35. cos9 sin<) 4-r- sin9 







- co <(> = 1 (0, $ eo 



x 2 y 2 

T + rr 
a 2 Ir 



36. 



k 3 






(tetrahedron)^o 




27xyz = k 3 



37. ax 2 -f by 2 4- cz 2 = 



(b - c) 273 x 273 + b y3 (c - a) 273 y 273 + c m (a - 



= 



38. 




* 



y 273 -f z 2 ^ = c 273 



222 

39. ^2 + ^" + -^ = 1 
a D^ c 



A, B, 



O, A, B, Co 



(ax) 2 / 3 + (by) 2 / 3 + (cz) 2 / 3 = (x 2 + y 2 + z 2 ) 273 



40. x - esSSoalb 

Oi, o_ 



A, yz - 



CteS 



PSo 



P a>ccr AP3 

oJ 
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41. Z - e&o"^> M)o&^> A <?oco;5 A o^o5*3) &-S &2o#o&o xy - 

spodo-DS BC co^^iS ABC 



42- n 






43. 

qj-* a _ 55 



. * 

44. ^55cel^ ood S^S -ooo"39jeb- (3) 









P, Q, Re S 5>odoOS ^^>^o^) PQR 
45. S,, S 2 e 

Syo ^e^r (Radical plane) 
46. 



47. a fi 



jp gc hfi K^tficoSo P,Q,Ro^ sodoOS S^oSaj PQR 



48. ycSSs^ a 2 x 2 + b 2 y 2 + c 2 z 2 = 



PL, PM, PN AcfibodS S.i-^0^ LMN 
(cz)2 /3 = 



49. 3artS*gtoea SjBjoA ^^ iS' ^ fi fis%) 



*o{fica .to** - |M5 (Striction) 
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50. 




51. [v cosu, v sinu, f(u)]& 3EJ*aj!bQ& 2crb8, Striction 
52. 





SooA 



P, Qe 



-Po 
CP - CQ = T-J - 2\2 



53. T 




a 



54. 8-S ^r*^ e^oo cB^g^. e^^sp Striction 5(S2oo 




f 

cos"" ^-X, cos"" *|Ji g^e-a^eo 3^16 -r- = , (p ifc 

as p 







55. x + yt = 3t(l -ft 2 ), y + 2zt = t 3 (3 + 4t 2 ) s^Stsp/? 




3 

T (1 -f 2t 2 ) 2 o3o2oo Striction 



x = 3t, y = 3t 2 , z = 2t 3 
56. <Rtoff l a6tfeaoo e>d ^a^oe3^oooo^> (i) Striction 



, (ii) 



57. - = tan - x sine = y cos 9, z = c6 

X C 




c (x sinO - y cos9) 4- (z - c6) (x cosO + y sinG) = 



Striction 5iS2sco z 
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2<> 
V 

58. "~?r *" TO" 
a 2 b 2 




_,-. x """ a cosy y ~* a .%* , _^ 

59. ^- = * g- = - - a^rSsrp So 

cosO cos ;r sinG cos ^ . sin jr 



Striction SSfca 2y + z = ^rfoST* -~, 0, O to&o; 2a, 




X 2 y2 Z 2 x-acos0 ~bsin6 z 

60 - 



9 - - 

a 2 b 2 c 2 ^ a sinB - b cosG c 





C 2 ( a 2 ., b) 2 sinQ C0s6 (a 2 Sin 2 6 ^ b 2 CQS 2 e + c 2)l/2 



61. z (x 2 + y 2 ) = 2mxy&> x sin8 = y cos9 



2m cos 26 oS Cir^od ; to 



63. z = 4c 2 x eJ6o 6i6^o^X)^o x = 2, y = 2c 




y (x + 3z) = 2c (3x + z) 

z 2 - x 2 = 4c (y - 2c) 



64. 

CD 






64. "5o<i> 'ar ^o^ooSj a-S 6d ss^St?) 6od (i) & sSS 1 ^ 3oad (3) 





4. 







u 



v e 




(U, v,c) 



u r v 
f(u,v,c) = 



. C 



u 





(net) 




c e 




C 2 . 





ot, C 





v= 
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- > 



, r = r (u, a) cSboS^. ardJ 2cra>&o& S\$$x>. 63^ u = 

Asa u ao*:b&7? asa^aoa. 6s *$*> aa* r 




,-> -> , 

dr = r-du-t- 



, 

J. At 



v- 



1 



u s= Jbd$^ = b ecxo^jo& r =" r (b, v) 



43 



r 




-^ dv 

du 



r 1 xr 2 

r x r = woaiS 6S6eSoo 'Son* 3%co (diegenerate) 



\ \ ^i 

dr 5 &$ r n du-f r ft . 

<t> v, 12 




r _ x r ~ &Q33c&:r\5b. r ., r _ o> <62u*Otfo*ox ^05* du, dv 
dr &Ti 





.3 



II. 





I' 51 



(u Q , v ) **o. o> u fl . P 

u = U J v = v fl P 



,. , 

^ *' 

. * 




u = U, v = 



s-3 




' y ' z) = 




u = o, v = 





1. &6 SJ^SOD (a sin u cos v, b sin u sin v, c cos u) 



2. 6gS)g SoSocaC&tta (au cos v, bu sin v, u 2 ) 



3. e>d ^cr^oo3ba^co (au cos hv, bu sin hv, v 2 ) 



4. flj^ofi eSo-coS>.a (a sin hu cos v, b sin hu cos v, C cos hu) 



' m 

5 . ^o& (a sin hu sin hv, b sin hu cos hv, C "sin hu) 



6. 3&>e*ox5 (u + v,u-v, u) 



7. artbSax) (u, u 2 , v) 

<> 



x . + M. y 



% 

A, r , - -, ^ 
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4.4. (SiJjS Sotcrco (Specific notations) : 



u, v 






j 2 



-' 






r i = 



> 

' r 



r 






3d 2 



, 

dr = 



-> 



4.4.1 r 



j 
dr 



u -f r v 
l u r 2 v 



, 
'- 



u 



v " + u ' ( u ' 



V ( u' 



v') 



u" + v" 



- + 2 u' V' 



^^ 



J) 




' '^ ii 



4.4.3 r r r l = E, 

g.. = "?.. "?. 

i 



= F, . = GC 




g 



N 



4.4.4 H 2 = (r x 



= EG - F2 
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U.5 N = - 



r i xr 2 



H 



U.6 









N. 



.4.7 b .. = N . r.. 

U ij 







L ' b !2 = b 2! = M ' b 22 = N 



b.. o^o (eoto L, M, N 
ij 




F . r . = (i = 1, 2) 



u 



v) 







- 

N . r .. -f N .. r . = 



-> -> 

b.. = N. r .. = -N.. r . = 
y ij i i 



- it 

- r .. N. 

J 



L, M, N o 



.4.8 












,5 





, r o 



_A 
N, ^ 



= N. r' 1 x7 = N.HN = H 

i . 
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N 



(i) 



4,6 



H 



(ii) r' 2 xN=r 2 x ~ 







(4.4.4), (4.4.6 1 )e? 



H b = x 



(4.4,8) Sood 







r -> - - - -_ 

L (r r r 2 )r i- (r r r i )r 



(FT* - 



H 



H 



H 



H ,: . 



4.6.1 HL = 



, HM = 



HN = 



4.7 E, F, G o 






E 2 = 



= 2 



->--> > 



r . r 



G l = 



= 2 



22 
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4.7.1 






r = 



2' 2' 



1 J 2' 



(Summation Convention) : 







eo 




49 



xi, v 



; F, G, L, M, N 






4.10 



(u, v), (u + 8u, v + 5v) 



P ( r'), Q ( r* + 6r* 



d r = r - du + r 2 dv. 



P, Q 



P, Q 



E= 





(u,vj 



ds 2 = d r 2 = ( r du + r dv) 2 

x A 












r 2 du 2 + 2 r r r 2 dudv + r 2 2 dv 2 



A 

E, F, G 



ds 2 = E du 2 -i- 2f dudv + G dv 2 



= EG-F 2 >0,E>0,G>0 



EG - F 2 = H 2 > 



E, F, G 






4.11 



: 



= (u, v) 



u' 1 = 4> (u, v), ^ = V ( u v 



o 



oJ 



*^ 



~~* dr 3r 3u 3r 3v 

r , s _ = -v -. + -v . -'- 

3u 3u 3v 3u 



3u 



F 2 = 



3u * 3v 3v " 3v 



3u 

T . .1. 



3v 



du 

TT 

3u l 

3u 
7 
3u' 



3v 
TT 
3 v ' 

3v 

r-r 

3v J 



, 
dv 



E 



> 



3u 



3u 



dv 



3u 

_r 

du ! 



3v 



f r , 



"3u 

IW^M 

3u' 



du 



3v 



dv 



( r du + r dv) 2 = r 2 du 2 + 2 r . r' dudv -f r 2 2 dv 2 



2.1 



: Z = f (x, y), x, y 



r = [x, y, f (x, y)] eS 



158 



! = (1, 0, p) 



E = T^, ~? = 1 -+ p 2 , F = r* r r* 2 = pq 



G= 



2 H2 = E-F2= 



q, 



p 2 + q 2 . 



4.12.2 




Z - 







6 



(u, 6) = [g (u) cos 8, g (u) sin 6, f (u)] 






r = (g cos 0, g sin 9, f) 



1 = (g^ cos 9, g 1 sin 9, f ' 



= (- g sin 9, g cos 6, 0); 

' 



4.12.3 





r 



r = (u cos 8, u sin 8, f (u)) 
r = (cos 0, sin 6, f ) 






r = (- u sin 8, u cos 9, 0) 



-u 2 
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412.4 



x == u cos 0, y = u sin 6, z = f (0) 
r = (u cos 9, u sin 9, f (9)) 





r ^ SB (cos 9, sin 9, 0) 



r = (- u sin 9, u cos 9, f 1 ) 



E = 



4.12.5 



x = u cos 9, y = u sin 9, z = cb 

r = (u cos 9, u sin 9, c9) 
r = (cos 9, sin 9, 0) 

r = (- u sin 9, u cos 9, c) 



4.12.6 




Q, u 



0335^. 



> 
R 



= r + ug 



*- 



E = ^ + 2u"g? + u 2 "g 2 ) F = "g,T > ,G=l 



4.12.7 



2Z . 



2hxy 



(x, y 
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y ' 2 



b 2 

-y 2 



= (1, 0, ax + hy) 



= (0, 1, hx + by) 



--> 

E = r r 

jji- r r r 



F = r* r 2 = (ax + hy) Qix + by) 



H 2 = EG - F 2 = + (ax + hy) 2 + (hx + by) 2 . 



4*12.8 



a) 



N N "? 

0.1 , XI -, 1 ( 



= H 



b) 



H 



c) r ft xN = 



H 



a) 



"*--> 

N , r v T , 



N. (r x x r 2 ) 



->. \ 

. N H y 



= VN.N;.H= 



b) r x N = 



_ . 

~H L r r r 2 r i~ r r r i r 2 



c) 



= r 2 x 




4.12. 




3 * 



x = a (u * v), y = b (u - v), z = uv 




a (a (u + v), b (u - v), uv) 




= (a,b,v) 



s= r . 



uv 




u = eaco = c 



x s a (c -- v), y =s b (c - v), z = cv 






v = 




txotr 




4.12.10 ft r 6083 STM 

" ' "" ' 



r ' = r u r 
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N. F 1 = 0,N. r = 0,N. r I*N. r MN. r = N 

N 



4.12.11 



(L du 2 + 2 M dudv + N dv 2 ) 
Edu 2 + 2 F dudv + G dv 



(4.12.11) 



SC 




4.12.12 II = L du 2 + 2 M dudv -t- N dv 2 



(4.12.12) 
dN = N x du + N 2 dv, d 7* = 7* 1 du + '^ dv, 



-4 , - 



dN. d r = (N du + N, dv). ( r , du + r , dv) 

A Jt 1 2 



= CN ^ du 2 + ^ 7 + N. 1) dudv * (N- 7*) dv 2 



4.12.13 H = -dN. d = Ldu 2 + 2M dudv + Ndv 2 
LN - M 2 So T 2 T 20-3^200 T 2 



.. , -- , ,. v 

* f! . * ,, ' 



4.13 t 





o 

* 12 A 
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, Q > V (x p 



Q 



(Q, 0) 




Q 






ii) 



* * \ 

1") 



S 21 3 22 






E= r 



I = Edu 2 + 2 Fdudv 4- Gdv 2 



II = Ldu 2 + 2 M dudv + N dv 2 



L > 0, 

' 



b = LN - M 2 = T 2 -> 






4*14 If fc 



b LN-M 2 
"'" a "EG-F 2 = H 2 



T 2 >, = , < 





K > = < 




K 



4.15 





(u, v) t (u -f du, v + dv) 




(u * du, v -f dv) 
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(L du 2 + 2 M dudv + N dv 2 ) 56Ss 




P ( r), 




. "fceS" 



Q 



(u, v), 



t F (f> to 



du, v + dv> 



good 



r -fdf = r 



Q 



P 33 oeooaaara-af PQ 



a|a2fl>ai> 



QM = P 



gas 



N. 



(L du 2 + 2 M dudv + N dv?) 





arw 




-** ':.-< ' - - - -. 

: : V , .'", '",',.* . ' ''' - : 
' ' . '*: - - ..' 




loo 



*>.*. 4) 



~ (0, 0,r), ? = (0, 0, s), f * (0, 0, t) 



H 



N = N 



, LN - 





r = (g cos 6, g sin 6, f) 
r i = Cg cos 6, gsin 6, f 1 ) 



= (- g sin 6, g cos 6, 0) 



=g(-f ! cos6,~f l sin 9, g 1 -) = HN 



= " g COS > g 



H 2 = g (gi f i i ^ fi g ' ), HM = 0, HN = g 2 f 



4.16.3 




r = (u cos 9, u sin 9, flu)) 



s (cos 9, sin 9,^ 



= (-usin 8, u cos 9, 0) 



=<0,0,f u ), ^ 12 = '(- sin 6, m 9, 0) 
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='(- u cos 6, - u sin 6, 0) 



(-ucosef 1f -usin0f,, u) 



T* _* u *n - -* 
L = N. ^ =-^, M = N. r ^a 



-N 
- * 



-- - 

22 "" H ' H 2 



4.16.4 



= (u cos 6, u sin 8, f(6)) 



1 s (cos 8, sin 8, 0) 






r = (- u sin 9, u cos 8, f ) 



= (0, 0, 0) 



r 2 = (- sin 8, cos 9, 0) 



r = (- u cos , - u sin 8, f ') 



^ ^ . 

3 (r i x r 2> (f- 1 sin 9, - f cos 6 u) 

N= _ = g _ 



N-OM-r N 
- . i\ u, ivi r -. ix w 



22' " H * 



4.16.5 ooo 



r s (u cos 8, u sin 8, c6) 



r = (cos 8, sin 8, 0) 



r = (-u sin 8, u cos 8, c) 



- 0*3 dato%- 




<fc 
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s (0, 0, 0) 






r = (- sin 6, cos 8,' 0) 



> 



r s= (- u cos 0, - u sin 6, 0) 



> 



N 



H 



^ 

L = N. r = 



_ ^ 



= N =0 

1N ' r 22 



> " C COS 



H 



4.16.6 



(4.12.6) 



HL = 

HM = 
HN = 0. 



~g 



J 



--If- 
g, r , gJu+Lr, 



4.17 



1 : 



u, v 



(a ?fc 0) 




r (u, v) 



' v) 



efcr 1 



b u = oE, 



= oF,b = aG 



22 



N.. r, = - a .. 



4.17.1 



.. + a r "r. = 



N.N. = 0,N. r*, = 

i ',. 
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.). N=0 



(4.17.1), (14.17.2) 



r r r 2* ^ ^ ooeSMoaWftr 



~ ~~ y 

N. = 

N .. ss 



a. r . 



a r .. wJ3 




- 



^ > 

12 = 21* T 12 = r 21 5 ' 



- -> 1 - 

R = r (u, v) + -- N 

*i^f 



R. = . 



- N. = 



= 0, a = 



a 






r u *' 



- 



-^ 



N 

M 

a 



a 



36* R 



= (u, v) 



{) 



ier3CF 2 



2z = ax 2 + 2hxy + by 2 , (x, y eo 



SfcOoSa dfoSos 
y, I x 2 + hxy + y 2 \ 

= (1, 0, ax + hy) 
s = (0, 1, hx + by) 



r = (0, 0, a), = (0, 0, h) = 



= (0, 0, b.i 



rx r 



i x r 2 i- (ax hy). - (hx + by), II 



H H 

N-^-M-T* N- 
11 H' 12' H' 



KT * 7? b 

N ss r N 

F 22* L H 




3 t 

e^^ ^o&^c S L, M, N ea 2cSj (.vanish) eosd 



. seta N? 
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r 



r 



~ > 

^ N 



> 

N = 



(4.17.4) 



0, 7' 







N . = 

1 



r 



_, 

J. 



&&rc3K&x>rr ^oeoooo. 



N , N s 

i. 



N 



N = 

/ 



u 



-\ 
N 



N 



), ^ 

efcp.N , HN 



v 



N 



4 s 



E 
7- 

L 



F 

r 

M 



G 

TT 

N 



v**< v^. 



u 



A 

Co). 



E F G 3 



'..*. V 
' 



T -. * 
L M 



I 



/. L = E/, s M = FX, N = GA- 



T i? j .-. * _ ^ 

JU ill A !\.L-C 



NV ? 7 

v ~ r '* / 
( * -j ' -i * ; 






'* 



4.17.5 (N -i-Ar;. 

* * 



=0 

X 



M = FA, N = GX o 



4.17.6 (N, + XT*.,.). ?. = 0, (N. + X? A ? 9 = 0. 

-* > i. 1 1 6 ' 



f N., + v? ). ? = 



:eo r f r co ^c 



r 



N 



N 



r*..N 



co 



, > 

Af 









N 






"r 1 * 0, r 

1 - 







17.5), 



(417.6) 



4.17.7 Nj + XrjsO 



1.17.8 






(4.17.7) 



S*63, (4.17.8) 


















- = 



= A = es 



o u } v o !bd5 X 



Sficoc 



oto 'X s-S 



L.17.7) 



j \ 

r 'i.=-I N i 



1 > uA- V ~ --- 

B. .)"" = , .> i * "* . 



JD 



Sttto K*to 



X = i>oa^S (4.17.71, (4.17.8) o 



> > 

N = t O,N 9 = 0. 
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> 

N 



u, v o 




\ 
K 



4.18 






(i) r =(u + v, l-uv,u-v) 






(ii) r =s (a cos u, a sin u, bv) 



(iii) 7* = (e u , e v , uv) 



(iv) r = (u cos v, u sin v, flu) + 



(v) R = r -f u : 



f b .eo s 



, u, s 



6, 6 + log cos to 



= X .Sb'<S t 



" = (u cos 6, u sin 



u = a, u ^ b 



(ds) 2 = sec 2 u (du) 2 -2 tan u du d6 + (1 + u 2 ) (d8) 2 , 6 = X SSa. 



ds = sec du, s = Dog (sec u + tan u)] . , ^& K ib(5 

o 






4.19 i&&&tfo cf$$0tt ao* N N-:dto^^ jtfjSjtow t 



~ 

N 



N.'N = 1 



N/dN = 



r 



N . dN = Si N . N = 7? 





173 



, b 03 







r r r j - & 

1 J to U 



, 
N. = N. r .. = b.. 

i j ij J 



. ( 14.4.3) 



a a r + b 



. 



- L = aE + bF 



. N = a 



- M = aF + bG 






a, b e 



FM-GL 
EG-P2 ; 



FL - EM 



. a, b e 



(4.19.1) 




.19 & H 2 N, = (PM - GL) "?, + (FL - EM) r . 

4. 1 



= a 1 + b 1 




CD 



tfo- 



1 1 - 



a 1 , b 



a '-, b 1 o 

a* b' 1 

PN - GM = FM -EN = EG-F 2 



(4. 19.2), (4. 19.3) 
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V 



f - > 

! N i 


\ 




' FM 


i - 


t 
1 


FN 


i N. 


,1 



GL FL-EM 
GM FM - EN 



> 



9 _ 





L / 



4.19.4. I A I = (FM - GLj 'fPM - EN) - (FL - EM) f FN - GM) = H 2 T 2 



(14.1.4) 



T 2 



1 1 



v* 
i 



GM - FN .FM - GL 






"r\ 0:03 

1' 2 



rO ^ 



(4.19.2), (4.19.3) o 



^ 



~ > 



T 2 !r , = (FM - EN) N r + (EM - FL) N.,' 
i i -' 






T 2 T*, = (GM - FN) N , + (FM - GL) N., 

JL 1 



o (14.1.2), (14.1.3) JJood, 



H 4 N 1 xN 2 = 



HN 



~ 



H 



H (N x N 9 ) = N T 2 = N (LN - M 2 ). 



4^0 



1 : 



N N N 

i> -, XX ^, J.1 



to 



- 



6*9 



2 t 



--. 1 : J ,-r 

... \ 

K .x "?, 

A X 



v--aS35 i -(14. 1.2} 

' ' ' 



= (FL - M 



N K 






^ 

N X "r" = ^ 

- f ~~ \.i'. 



; ^ 

r x r 



H 



N^ 
N 



r, 

JL 4 



= HN. 



N 2 x 






= (EN - FMN H 



H 



^ 

'*<' 



x 

, 



-* 

.'F-M - ^N) N H 

^*a. -* ^ J?. j-wA. * / A* * -* 



I 



> -> 

9 



r s 
2' 2 j 



= FM - EN 



H 



N . 



eot, 



. 

*' 



422 



1 



ii) H 



4.22.1 HN= 



u 
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H N x N = N x x 



N x ( x 



N 



[-.- 2 x (tf x "?) = ?.? tf - 






SSS, 



2>ooo<52ia (ii) 



(4.23.1) 




HN 



3 



4.23 



H 2 f = EMN - F (LN + J|2) 








5. 





' 

JK 

o. 







N, 




. P 




C i 



(X 







= (X, n) = 




Sor'-Qb ^SSt^Sai^Sat. 



( X 



5.1.2 








fir 
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, m) eo 




cos6=e. e 



. * \ 
N sin8= e x V 



cos 6 = EM + F(/m 



sin 6 = H (I mV : - / } m) e>3 P ig Ko fl* tf, m) 




(/ , m ") o 




Ell +F(/m +/ m) -t- Gmtn 



, m) 




a* 




- /, - m) 



0, m) = 







(X, |i) oSo fil" 32^&eo (Direction ratios) 



I = u*, m = v 




= 



u 




u = 



ai" 



e, = 



= o, 



!bao#2tt 2 : 



u = oD, v a 




cos9- e r ^ 2 



r r r 2 F 



sin 9 = I if. x ~&\ = ~=- 

1 * Via 



H 

VEG 



8 




v = 





a 






, dv) 



cosa= t. e t = 



(Eu 1 + Pv 1 ) 



sin a = 



(Z, m) 



cos a = 



sin a 



+ FM) 



VI" 

Hm 
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c) SSa u = 






(du, dv) 



- + GV 



(u 1 , v l ) efo (I, m) 



d) 



, it) 



(X 1 , M) o 




v 

bl = 



l +Gfi' 



cos 6 



"- 1 ^) = l"al llrt cos 9 



(EX 2 + 2 FXn + G^ 2 ) 172 (EX-' 2 + 2 FX 1 ji + 



1/2 



"a 



H 



/ 9 

- (EX 2 + 2 FXn + Gn 2 ) 1 / 2 (EX 1 + 2 FX V 



5.3.1 tan9 = 



H 



EXX 1 + F (Xjl' + X'ji) -t- 



(5.1.4) ^38o3ao (5.3.1) o Xood fil" 



, tan- 




e) 




(5.3.2) EZ/ + P (/ m 1 + / 'm) + Gmm 1 = 



E - s- + F + + Gr = 
m 1 



-. 
n 



f) OfoS cSaaS. SCS So5 ^ a< (I, m) 





(5.3.2) Sood, 



E/Z ' + F (/ m 1 + I 1 m) + Gmm 1 = 



H (I'm 1 -Z ' m) = 1 




I ' (EZ + Fm) + m 1 (FZ + Gm) = IP croCKbja>. 




H {-Z K(EZ + Fm)-K(FZ + Gm). m) 1 



6, = 90 eoooS3jp<> cos 6 =s Q So* tan 6 = ~ e^oco g&S, (5.L4) 
(5.3.1) o 



(I, m) S& ooa^n- &o Cft dSxSjj- & ^^^ <* ' m ' 
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HK = 



f 



(El + Fm) 
H 



(5.3.3) 



5.4 



. 



3 : ooo 
=F = 




, P 










o CD 



= F = 




F = 



u = U, v .=t 



8 



H 
5.4.1 tan 8 =-7r 




7C 

e.g-ttXF-0 



9 5: 






F s 



. (5.4. l) r Sood tan 6 -> < eS Sftjofl. 








2 



F o a 











ooe 





u 




ooa ooaS (5.4) &>od F = 



u = 02coS&> fif 3:toj (0, 




Si" SS&eo (du, dv) 



tan B = 



+ P &H 1 + X 1 
Hdu 



. du 



~ Gdv 

du E 

dv ~ VE 



tan 




r = (u, v) 




r* datog. iSSSfcon D SbdS t,S 3*S Sarog 



So 




<(> Cu, V) ss C 

(u, v) P^ OexSjw "? (u, v) Uf 
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o 



S 
, v) & (u, v) 




o*j 
S S& OP&S) P < *ocr 2.^^oBto^3 & L *6 a 





c . * C , V Q ) 
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25* 



5.6.2 ^ du + <|> 9 dv = 



P SS a 




flS" 



(-.9, 

; .j J. U U. j U _ si u 







. (5.6.1) 



(5.6.2) 



ef>3<> 



P. Q 







5.6.3 P Cu, v) du + Q (u, v) dv = 



5.7 



: 



S D> i) 



CO. 



: P du + Q dv = 



OflJ 



(u, v) 



O 




(- Q, P) 

' 



002007^ 



(du, dv) 3d, (5.3.?) 



E (-Q) du + F (-Q du + P dv) + GP dv = 



5.7.1 



dy ? dv o 




SrJS co 



P, Q 



,EG-F 2 *0 



CO 



(FP - EQ) 2 + (GP - FQ) 2 eda P, Q 






- EQ, GP - FQ oo 



S. (5~/7 , 



5,8 



f (u, v) = OS 




fldv = 0.wa>fcoa. 

- '-- ....... 



5.8.1 .P du + dv = 



(5.-7.1), (5J8.1) 



5.8.2 (F f - E f J du + (G f, -P f,) dv =,0 

" J. o 1 ^ 



5,9 



1 .: zJS 



-Si? 

V." 



S 



oca 



P du + Q dv = .0 



& P = -X*., Q = X<1> <? 

.. , _ A 



* 



ooa 



FP - EQ = }i .y GP - FQ = 

,- ' A " i 



= c 



= ,c 



(5.7.1) - 



- 



a (<!>, 



FP-EQ 



- 2F PQ + ,GB 2 

" * 



EQ? - 2F PQ 



' 



Y- = \j/(,u, y) 
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u 1 v l e o-Do oo <> = c vf = c. 




O02D 





Edu 2 - Gdv 2 = 



v = c, u = c 
(du, dv) cao^. 6f ^os^o: (/, m) ^^or' 

0, 



1 1 

EZ. -7= + F ( 1. + ~f=. m V G. m. 

VIF. ^ VE J 

^ 

= E. 0. / + F (l. -~= + 0. m G. 

VG 



E/ + Fm F/ + Gm 



(VEG - F) ( VE / - VG. m) = 



- m = %)tbofl. Scy VE"du-VGdv = 



(du, dv) I ooa^ (S M-, 8 y) 



(du, dv) F (S ji, 6y) 



E du 2 - G dv g B 




3 





u, v 








r SB (u sin a cos 3, u sin a sin v, u cos a + a v) 

> 
/. r SB (sin a cos v, sin a sin v, cos a) 



r s= ( u sin a sin v, u sin a cos v, a) 



v = c rr &&$ ^ edSS. 5-t3 flf ^OD (1, 




Edu -h Pdv = eocoS, 6* (du, dv) (1, 0) So 



4 t ooalres-oco Ib6 u cos v = K 



(u 2 + a 2 ) sin 2 u = c 



s oca 



r = (u cos v, u sin v, av) 
/. r ^ as (cos v, sin v, 0) 

4 

r = (- u sin v, u cos v, a) 



(5,9.1) 



U 003 v = K 



cos v Au - u $in v Av * 




if OP Au : Av 5? u sin v ; eo$ v 



(An, Av) S (du, dv) 




du -f a cos a dv = 
u H- a cos a. v = K SotjaoDSoD^*^ 2>is*eo 2>cr2D&d3b SsriSS v = c i oo 



iEu.wo-v.au* cos vdvsB-0 



. (5.9.1) 



u , oosv , A 
" > du 4--: - dv = 
u 2 + a 2 sin v 



log (u 2 -f a 2 ) -4- log sin 2 v = log c 
(u 2 * a 2 ) sin 2 v s= c. 



- = z 



2 = 



2?u,y = y,zj=u?~ v 2 

. .r ~ (u, v, u 2 - v 2 ) 




<> 



(5,9,2) u 2 -v 2 = 



udu - vdv = 
du dv 



v u 



(5,9.2) 




(u, v) 



(v, u) 



(y, u) 



(du, dv) 
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(1 



v * ~ 







vdu -tr tidv - 




OOP 




a 





,. y ^ a sin ! ui 

9 W 





t - =s a s 



^.tf sifi u^ gitt V,rtf <St)S u) 



^ 

r , =s 



site 



" * a &- sto u sin i*; sii^ u^ cos? v 








St j 

Vi" 





v * -Spate o 

<P" 

4 





p (1V 0)- 




(dtt;. dv) 



cte 
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co sec u du = dv 



log tan ~ = v + log c = log ce v 



u 
~ =c 



'V= 



4 
e~ v tan - = c 



tan = - 1 2o6o&> cosec u du = dv 

u 
e v tan = c e>3 

t 

3n 

"" e> 4 



5.10 



u, v 06* P, Q, R eo 
Q 2 > PR 




5.10*1 P du 2 + 2Q du dv + R dv 2 = 



oar* 



5.10.2 



5.11 



(5.10.1) 3 ^SSes ^O<SD 5So SOODOSPG fll" 



(X., u), (X 1 , u 1 ) ^^Soocp^o. Sy&> - ^o5oo r 2>!bStfea2m (5.10.2) 

J M p. 
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_ 

- + 



M. 



4Q 2 -4PR 



H 



8 



tan 9=: 



H 



- 



E.A, A -,-, . 
. + F 

M M l 



A 



G 



' P 



2H (Q 2 



ER - 2FQ + GP 



6 = 90 Efa tan 6 = 



ill.l ER-2FQ 



P = 0, R = wocod, 



(16.5.1) 



du dv = 



u = 



, v = 



cs> 



F = 



N* 



P = 0, R= 



F = 
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: ooa 



r 



=~(u cos v, u sin v, aB) 



- (u 2 : + a 2 ) 






^ T= (u cos v, u siriV, av) 



S&S E = 1, F = OjG^ 



P du 2 4- 2Q du dv + R dv" 2 = 



EPt - 2FQ + GP = 




du 2: -(xt 2 -f a*) dv 2 = 



P 1, '<qfe .0, R = - (u 2 + a 2 ) 



4 GP = (- l)<ia 2 + a 2 ) + (u 2 i a 2 ). 1 = 




S a, 
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5.15 




K 





K, (= k i) 




K 

8 



K 



dt 

MMMH 

ds 



> - - 
K=K +K 



n 




(i) 




5.1 



ScSo 





N 



K 



n 





N o 



K 






K =K N 

n n 



C 



N,"? = 03 
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dT 
ds 

> 



dN 

-T 

ds 



= o 



' ds 



ds 



, 

dr 



ds 



dN 
ds 



(dN) 



ds 2 



5.15.1 



Ldu 2 + 2M du dv + N dv 2 



(5.15.1) 




E, F, G, L, M, N eo 



, P 



, P 



6^ 



dv 
-r- 

QX1 





5.16 









(i) N good TI 



N. 



if?. 



= 



S2>S N 



K 



= IK cos 




(ii) K , 



K 



S 

~ 

N 



. 

(geodesic) 




r?, 



C 
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S.17 




ss 



(u, v) 3 S&tfoSaootf* 36oCfco 




. P 36 




N 




K & 

n 




N 



N 




N 




N 



K N 

n 



2Mu t -v 1 +Nv l 



L du 2 + 2M du dv + N dv 2 
5.17.1 /. K n IE du 2 + 2 F du dv + G dv* 



0oo 






22 



-N 

'"' 



, dv) 




5.18 





.ara 







* 
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P 





, P 




5.19 

1. oca lrDsoao5" x = u cos v, y = u sin v, z = cv 




t u, v co 3cr2Dfceon% 

K L du 2 * 2M du dv -f N dv 2 
= E du 2 + 2F du dv + G dv 2 



2o6a3 r = (u cos v, u sin v, cv) 



~ 



,,, -2Cdudv 

. K = 



H [du 2 + (u 2 + c 2 ) dv 2 ]' 



2. S3<3- fiofib^) (u, v) 



U-f V U- V 

x = __ y = _- 2 = UV 

V2 



> v, v - u, 







(du, dv) 






- Al + V U - V 

r = I 7^-, ;=-, uv 

V2 ' 



= (o, o, o), = (o, o, i), = (o, o, o) 



H 2 = EG- F 2 = (1 + u 2 ) (1 + v 2 ) -u 2 v 2 = 1 + u 2 + v 2 



I 1 A / 1 1 

w v i y.^ y ^^^^^^^^^ ^^^^M* ^ i 

" 






(u + v, v -u, -V2) (x, - y, - 1) 



V2. V 1 + u 2 + v 2 V(l + x 2 + y 2 ) 



N = OM = ^ N=- 






K = 



L du 2 + 2M du dv -f N dv 2 



n "E du 2 + 2F du dv + G dv 2 

- 2 du dv 
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u 2 + v 2 ) [(1 + v 2 ) du 2 + 2 uv du dv 4- (1 -h u 2 ) dv 2 ] 



3. -6o& ^o^oo 3<3:S*> 03^. 2>S2o3 $06$ bS^r ^odo^) P 2>g S^Stf K 



K ' 




O 8) 



K 2 sin 2 a K,* +'K2 2 - 2K X 2 + Kg 2 - 2K 1 ^ cos a 



K 
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o 



N r 



eo 



= 0,N. 




= 0, N . 8 



C. C !bfi ) 



- / 



a 




-j> -> 



Kn 



eo 



5.19.1 



.\ r ". N =a-f bcosG 



K = a + b cos 



a, b o "*3o 



t - K 2 cos 

a = - r-s - ; b 
sin z 




cos 6 



9 



(5.19.1) 






Kn sin 2 9 = (K 1 - ^ cos 6) N 1 + (K,, - K X cos 8) 



K? sin* 9 = (K^ + K^) (1 + cos 2 9-2 cos 2 9) - 2 



cos 9(1- cos 2 0) 



5.20 




(-1, 2, 3) 



x + y ^ z = 



2z = 2x 2 




2. 



(3,2, 



x + y + z = 6 
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= 20 




x = u CQS v , y = 











K. K 



n 



cos 6 




6 



K =k 

n 



. P 




p'tf 





5.2 



Z XDOG* 35 



P ^ 



N , 



6 




cos = N. n = 



.. K 



^P^iVRMW ^^ ^^^^^^ 

K ~K 
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/. K = Kcos9 

n 



& 



,t 




6 = 



N 




= K 





n 



N 



K, 



z = 



y 

j + rx- 



z = cy 




:for*e> 



K a 




K = 



2 





z = -y t y = 



C = tan 



I " - o) 




1. 




K . 



K. C 





ft . |dN 3N 

d) hi 

du 



. 

VEG-F 2 



N 



(ii) K =Kcose 

n 






2 . S - S = 2 S sin 2 



\ 



6. 











ii) 




iv 





L2 




K 



S)O 






(iii) 

Si&s* tspo 

v, 
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(L du 2 + 2M du dv + N dv 2 ) 
6.2.1 




(= K e&Sbotj) So 



du = X cos 0, dv = X sin 9 (0 S 6 S 2w) eSo&ioii (6.2.1) &>od 
L cos 2 9 + M sin 29 + N sin 2 6 



. 
Ecos^O + Fsm 20 + Gnn'9 



EG - F 2 > SS (6.2.2) 



LX 2 + 2M X|l + N Jl 2 f(X, 





f t f 



6.24 .-. - = =- (6,2.3) Sood, 



= 2 (EX + Fu) = 2 (E du + F dv) 



f = 

H* 



(6.2.4) S*. 

UX 



^ Ldu-f M dv M du + N dv 
K n =Edu + 



[0, 2n] * K, ft cJSii^,. eS^j^ ^3jo53So^)dfciofi. r^S K So 

. du = X, dv = 




K 




6*0), 
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8JS.6 (EM-PL) du 2 + (EN - GL) du dv * (FN - GM) dv 2 = 



&> JtortfS 
o 



6.2.7 



L du + M dv M du 4- N dv 
E du + F dv F du + G dv 



dv 2 - du dv du 2 



E 



F G 
M N 



= 



aa, A (\ 

0- (du) 



(6.2.6) /rS), (6.2.7) 



. K 







S 
S 



fl^eo 




(6.2.6) ^o rfjb 









6J3 




(6.2.5) 



(M - KF) du > (N - KG) dv = ey* 



du, dv 



6,3.1 



- KE M - KF 



M - KF N - KG 



= 



(EG - F 2 ) K 2 - (EN --2FM.-+ GL) K + (LN - M 2 ) = e>$)3bo. 




. K 
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6*4 





(6.2.6) 




6.5 



(i) t> 



g. 



b.. eo 



8 Sbd 







P du 2 + Q du dv + . R dv 2 = OOO^COT? 



ER-FQ 



(6.2.6) 



= B(EN"GM)-P(lBN-GL)-i-G(EM-FL) = 



ooo 



(ii) S 



(6.2.6) 



"^ "^ ~ 

N N r 

^ X ^ 19 1 



du 2 



N ' N 1.^2 



N N 




dudvt 



N , N, 



. N 



. g.., b.. 
y y 



u = u*, v = 





du 1 dui = 
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H 



N.N 7 




iii) 



eot> z = f (x, y) 7? 





i 



(1 + p 2 ) dx + pq dy pq dx + (1 + q 2 ) dy 



r dx + s dy 



s dx * t dy 



dy 2 - dx dy dx 2 



* P 2 PQ 



s 



=0 



=0 



HpqK-s 



HpqK-s 



= 



r s t 

rr-,M=s7r,N = rr 

11 Jcl rl 



(6.2.7), (6.3.1) o 




6,8. 



tt) 



x a a (u + v), y = b (u - v), z * uv 





r =[a(u>v),b(u-v), uv] 



r 1 = (ai, b, v], "? 2 = [a, - b, u] 
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= (b (u + v), a (u - v), -2ab) 



7, , = (0, 0, 0), 7 10 = (0, 0, 1), r = (0, 0, 0) 



ll 



12 



22 



(b (u + v), a (u - v),- 2ab) 



6.&1 .-. E = 



L = 



N 



-2ab 

MMM 

H 



;N = 



T 2 =- 



4a 2 b 2 
H2 



dv 2 du dv du 2 
E F G 
L M N 



= SoodStof^S C&jas. 



(6.6.1) 



E, F, G, L, M, N 



dv 2 
a 2 + b 2 + v 2 





- du dv 

a 2 - b 2 + uv 

-2ab 



H 



du 2 
a 2 + b 2 + u 2 





= 



du 






dv 



sn 



U ^ j. t 1 f : V 

= 8in h" 1 f '. ". i + 



EN-aFMJK 
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H 4 K 2 - 4abH (a 2 - b 2 + uv) K - 4a 2 b 2 = 



(ii) 






r = (u cos 6, u sin 6, c6) 




KE - L KF - M 
KF - M KG - N 



= 



HK 
c 



iC 

H (u 2 4 c 2 ) K 



= 



=> (u 2 + c 2 ) 2 K 2 - c 2 = 6 

.1 



u 2 + c? 
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dv 2 - du dv du 2 



E 



M 



G 

N 



E, F, G, L, M, N 




d(^ - du de 
1 
- c 


du* 
u 2 + c 2 
C 



gfa" 



= 



du 2 - (u 2 + c 2 ) dO 2 = 

du 



d9 = 



Vu 2 + c 2 



(iii) 



= ucos8,y = usin 6, z = 



o 
tan 2 <|> 



f u tan 

f .n 



f r 



: r = (u cos 6, u sin 0, f(6)) 



-1 = o^o* 



. T uf n 

N = r N = 
^ L 22' H 



"65 eo 



dv 2 - du dv du 2 



E 



F G 

M N 



w ~ 

TU 

12' H 
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-du 







du 






-H 



6.6J2 fu 



liqp 











(dx, dy, dz} dx = cos 9 du u sin 6 du, 
dy = sin 6 du + u cos d8, dz = f l (6) d6 




cos = 



(dx cos 6 + dy sin 9 + 0. dz) 



du 



(6.6.2) 



. 

4> + 



u tan 






- 1 = 



(iv) 



xy = ax 




sn 



- 1 sin h" 1 - A, A &JT J 
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, 

a Si 



- 

<* 




dy 2 - dx dy dx 2 



V* pq 



=0 



dy 2 dx dy dx 2 



_ SL 

a 2 a 2 



0-0 
a 







(a 2 -i- x 2 ) (dy) 2 - (a 2 + y) 2 (dx) 2 = 



dx 



Va 2 + x 2 



dy 
-T=====0 



~ A. 



(v) 3o*3oo&2jico xy = cz 

* ' / 

x 2 + y 2 z 2 + c 2 = o 

z 2 (1 V2) 







s r = (x, y, xy/c) 



= a, 0, y/c), = (0, l,x/c) 



- 



1 -2~ c ' C 



= (0,0,0), 



= (0,0,0) 
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C* C" 



( X 2 




c* c- 





KE-L KF-M 
KF-M KG-N 



=0 



, , 
k(c 



xyz - c 2 



- 2 



=0 



2 k 2 (c 2 + x 2 ) (c 2 + y 2 ) = (k xyz - c 2 ) 2 




Z 4 k 2 =-c 2 -2kxyz 
1 



S 2 c 2 - 2c z 2 S - z 4 = 




(vi) 



2z . 5x 2 + 4xy 




= y 




2z = 5x 2 + 4xy + 2y 2 
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a* 



p 2 )k-r Hpqk-s 



Hpq k- s 



q*)k-t 



=0 



eaotz 



k-5 -2 
-2 k- 2 



= 



k 2 - 7k + 6 = 



x.= y 



2h = llx 2 , z = h 



F 

. B = lim = lim 



. 20^02)0(23^ Sg 



= lim 



llx 2 11 



(0,0,0) 



O 



2z = lix 2 



(vii) 
8, - 2' 



2z = 7x 2 + 6xt-y 2 



x = zy, 3x = - y 



s 2z - 7x 2 + 6xy -y 2 



p = 7x + 3y, q = 3x - y, r = 7, s = 3, k = - 1 



P = 0, q = 0, r = 7, s = 3, t = - 1, H = 



k-7 -3 
-3 k + 1 

e?c k 2 - 6k - 16 - 



=0 



pert 



"8g>co 
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dy 2 - dx dy dx 2 



pq 



= 



dy 2 - dx dy dx 2 







- 1 



= 



8dydx-3(dx) 2 = 



V 



dxj 



x = 3y, 3x = -y 



0, 0, 0) 



O 



0> 



1. 



iii) xyz = abc 



v) r = (u cos v, u sin v, uv) 








ii) 2z = ax 2 + 2hxy + by 2 

iv) z 2 (x 2 + y 2 ) = c 4 



vi) r = (u cos u - sin u + v cos u, v sin u + cos u f v sin u, v) 

vii) r = (u cos v, u sin v, ,f(u) + cu) 
<> - [a (1 + uv), b (u - v), c (1 - uv)) 

V i 1 1 } -jp = i" i in i I 

(u + v) 



ix) bx + ay = 2 abu, bx - ay = 2 abv, z = 2cuv. 
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2. 






r? 3(g*p "6$o 




n 



dm. d r? = 



3. 










6.8 



EN-2FM + GL 






Sg 




K - 



K 



r 2 



T 2 LN - M 2 

I>IN ~ ivi 

"EG - F 2 



, 






EN-2F 



(1 + q 2 ) r - 2pqs + (1 + p 2 ) t = 




t 

Zbfl 




---. (EG -. F 2 ) 1/2 H 
L~M "N = (LN-M 2 ) 1/2 



2Mdudv 
= 



n E du 2 + 2F du dv + G dv 2 



.. 

&- 






<S> eJ 
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6.9 2>D2c>o& SS^SS^eof? SS^cr 

F = 0, M = 



V 

' ~~ ' " U = 






6.9.1 du dv = S^o- 

6.9.2 (EM - FL) du 2 + (EN - GL) du dv + (FN - GM) dv 2 = 

. (6.9.1), (6.9.2) o ^ood 
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M 



(EN - GL) M = 0, (EN ~ GL) F = eS 



EN - GL * & & M = 0, F = 



6*10 wooooS 




K a , 



K =K cos 2 \i/ 4- K sin^ V 

n a T D 



L du 2 + 2M du dv + N dv 2 
~ 



Ldu 2 + Ndv 2 



, T /" 

+N 



dvN 2 



V 



M = 0, F s= 

L N 
(EN - GL) du dv = 

EN - GL 9t ef>^bo6. s^^S du dv = 





(du, dv) 
dv = e> 



(du, dv) Sf" ^css'oj^Ao 6^^* eacoas ^i$tf K 

o v* n 
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dv = 



du = 



N 



JUtO 




(da. dv) 



> 



* 



6.1 



dv = 



(du, dv) 



6,10 cos v = 



, cos *~ 



K = 

n 



K. 

D 



cos 



2 



sn 



6.11 







8.11.1 K =K cos 2 

n, a 



sin 2 y 



K = K cos 2 /i it + 

n a 12 



sn 



2 






= K sin 2 \i/ + K, cos" 

a t> - 
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(6.11.1), (6.11.2) 



K + K =K + K 

n- n a D 

X A 







6.12 



1 * 



m 



rn 



eo , . 




= mji (m > 2) 



o 



K =K cos 2 6 + K. sin 2 9 

n. a D 





X cos 26( 



K = |jL-f Xcos 20, 
1 



X cos 2 9 + 



27C' 

^MM 

m 



K = 






a (m - 
cos 26 -f 27t - sm m. 



+ X-~ 



m 



sin 



= ici[L + (m > 2). 
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6.13 



2 : 



*! 

a 2 



= 2 






y = ex, c = 



, x- 



K = 2 (b 2 + a 2 c 2 /a 2 b 2 U + c 2 ), c = tan <b. 

n 



6*14 



1. 





2. 



CO 



" + "TT 



3. 



in 2 9 



-^ _ -a, 



oco. 







eOooa 



9 



S, S 1 



K e>ox>3, K = K cos 




*^ ^(^ I 



6.15 



Sofi 





2r- 



(K, 






d &*&* 



(du, dv) 



(du, dv) us 

(6.3.1) 




a*' 



t.s 



d N + kd = 




(u, v) 




25* 



(L-KE)du + (M-KF)dv = 



(M - KF) du + (N- KG) dv = 



(L du + M dv) - K (E du + F dv) = 



Ndv)-K(Fdu + u 



E = 



L = 



F = 






. r 2 , G = r 2 . 



v M = -N 2 . 



du + N 



= -N r 7* 2 , N = N 



du 



) = 



dv = 



t? x du + N 2 dv 



K 



du + dv 



) 



= 



-> -> 

N, du + N, 



+ K 



du + " dv 



) 



= 



, , 

dr = r.du+ 



d.N = N. du + N dv 

JL * 



.15.1 (dN + KdT*). ^ = 



(d N + K d r* j. "? = 



N . N = 1 



2N. dN =0 :ttbo<S>. 



dN, 



dN 




d N + Kd r &ra> 3^ -S&ocb 38* 



.-. dN + K d r , r l oo r eo 
(6.15.1), (6.162) oaooddN + Kd"? * 



K 



(L-KE)du + (M-KF)dv = 



(M-KF) du + (N-KG) dv = 



d-N'.+ Itd rs 



Kd r =-dN 



efcr> K/"?. du + ? dv) = -fl? v du + N dv 

\ 1 & / f - \ 1 . & 

\ , 




du> " dv 



221 



(6.15.1), (6.15.2) DzsSjo-oxi. 5tS 



K, 



K (T > 1 du + ^ dy) 2 = f- Nj du + N 2 dv\ (.^ du + ? 2 dy) 

'' 



* * 

K (E du 2 + 2F du.dv G dv 2 ). = L du 2 + 2M du dv + N dv 2 

V 

1 " . * * 

L du 2 + 2M du dv + N dv 2 
"IE du 2 + 2 F du dv + G dv 2 



J6ooo<52o3 aocSs^) (u, v) Si fi^ (du, dv) & K 
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6.16 






aaa 



d N 



2. 



dZ dm da 

- = - = 

Z m n 



*** 





455*00 



Z, m, n / 




6.17 




V, 



S 5dS C 

+ d i? eo 





" 



, , n 
Ln , n + d n , a r J = 

L n , d n , d r J = 



. C 06 P ("), Q ( + d ) co 



. P, Q o 



n,n+dn,dr o 




6.2 
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dn=adr+bn 



8.17.1- /.E. ds a 



. i? = 1 &> i?. d r? = ^5oSo r?. d "?= 



(6. 17. 1) &>od, = 



-a , - 

=> a n = ad r 



, C SScp 1 *?* es^SeJ^. cfoA, S tb<3 C a,^ So "5sp 



P (r*), Q ( "?+ d "?) tt3 S6 r? f t? + d ? 



^ _ ^ _ ^ > 
n,n + d n -, d r 



A= fe, d ^, d ?] = tn, - K d ?, 



I 8 




, "5o<5 ^o^oco btf 
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(r 




. C 



N ,, 






8 



6.18.1 cos 6 =N N 



S 1 Sibtf C 



"85) 




Kd r 



ds 



dN 



N 



dN 



6.18.2 N 2 . 



= N 2 . (- K t) = Q 



S 2 SodS 



6.18.3 N.. , 

i ds 




(6.18,1) 



& (6.18.2), (6.18.3) o Sood, 



ds 



. 
ds 2 



cos a 



9 = foCftSoo. 




8 3 





cos 8 




N . 






-> . - \ 

N r N 2 J= 



N 
r ds 



Sb6 



2 ds 




(20.4.2) 



dN ' 






- 
(6.18.4) Jtooci, N r 



6.18.5), (6.18.6) o 



90~> 



ds 



ds 



= K t = 



d N 

T- 
ds 



ds 



dN. 
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2 







(EG - F 2 ) K 



n 



J = 





K , 'K. 

a' b 



EN -f LG-2 FM = 







Sota, 



8JL9 (1 + q 2 ) r - 2 pqs + (1 + p 2 ) t ~ 



6.20 



1. 



e z cos x = cos t 



(log) S^oSootD, z = log cos y - log cos x. 



p = tan x, q = tan y, r = sec 2 x, s = 0, t = - sec 2 y 



(6.19) 3 



2. 



x = u cos v, y = u sin v, z = a log {u + Vu 2 - a 2 } 



: f (u) = a log {u + Vu 2 - a 2 } 



x =: u cos v, y = u sin v, z = f (u) 



_ a _ . . 2u \ a 



2Vu 2 -a 2 j \u 2 -a 2 
au 



(u 2 - a' 2 ) :j/2 



u 2 a 2 u 2 a 2 
F = 



fll u U 2 fl 

L = M = 0, N= 



J , 

EN - 2FM + GL = s*a-B. 



E, F, G, L, M, N 



9 llSf 1 U 2 f 11 U 

(1 + fl) " --2. + ^ 2 = 



u 



6.21 

o 



OC 



S (r = r i,u, 




S 
e. 



'- ' 
r es 



V I. 
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r = r + e N ; r,, e, N CD u, v o 



S d3%. E, F, G oSp 




= rj 2 -i-2er 1 .N 1 + 0(e 2 )(N. NJSO.N 

= E-2eL+0(e2) 
=72 = G-2eN + 0(e 2 ) 



= SXS 



( 



S SaOcjCiD S dZbog^. 3rocaooce> A 
A A= J Hdudv 



-g 
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=-H dudv=I (H- 
S 



J Hdudv-J 2 e H du dv (e 2 ) 



= A- J 2 e M. H du dv + (e 2 ! 
S 







, S 
(stationary) s-33o. eots u = s-SSSo. eota 




6.22 








P S 7Tl 




eot> LN - M 2 > 
LN-M 2 





K g , 






K , K 
& D 





JScrSocSo QoC&t) * 

P a taxr*tt>a* eota, 




LN - M 2 < 



K=K 



H 








LN - M 2 = 



LN- 

KIT V ^^ - 
I*. IV. TT o 

an H 2 



(Synclastic, Anticlastic) : 






K SB 




t 

K B K B' < eots K K o> 2 . So 






&24 fijb o5<i*lcJ t 



'O 1 





2B1 



ii indicatrix 




f O f 



Indicatrix 



Q 



Q 





= O, M =; 



6.3 




v = 



u = 



<s> 




= Gdv 2 



2h = 



ds 2 2 
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'0' 



(x, y, z) OTV 



x = ds r y = ds 2 , z = h, 




OX, OY 



OZ 



Q 




. 'O f 







fig Sj^ 





co 



(2h R) y2 , (2h 





'O 1 



h ^02* 




ares 



I i'd. "?. d ."? = E du 2 + 2F du dV + G dy 2 (= ds 2 ) 



H * - d"r . dN = L du? + 2M du dy + N dv (= K 

' ' ' ' 
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HI = dN. dN 




A = N x 2 , B = N r N 2 , C = N 2 2 



K 




, J 3^eSt3 SS* eoood, K.I - J.II + III = 








N = 



= 0, M = 




du + 



dv) 2 [(20. 1,1), (20. 1.2) Sood] 




&2S.4 I = 
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(6.25.3), (6.25.4), (6.25.5) o Jfcod E du 2 G dv 2 o&> 



in 



I 11 



II 




K, 



= 



III 







+ II (K 1 2 -K 2 2 ) = 




III + 1 



II (K + 




Kg) = 



=> ra-jiivm=o 




1. 



x = u cos 6, y = u sin 0, z = f (u) + C0 





2. 



x = u cos 6, y = u sin 0, z = c0 



du 2 - (u 2 + c 2 ) dG 2 = ooa 



tfrdoaoCb3 



3. ds 2 = du 2 4 (a 2 - u 2 ) dv 2 ecx3DSSy.fi? (jfCSodf* S6dtoS 




4. 



[SeOo<S65)-P Sfi, S) 

N, C^ ' 



CO 



<55a}S) r 





5. 



xy = az, a 



x 



2 



y 2 = 



%w^ 




6; 



= az 




&IbtoS> 




7. e^o^ 2z = ax 2 



(0, 0, 



, 



OOEPCO spcdc&Sooto, >c&^ (a, jj, v 
(0, 0, 0) 



8. (tf^cST'aetf o2aD x = u cos 0, y = u sin 6, z = flu) JbeS 






9. *o2ao x = u cos 9, y = u sin 6, z = c log(u + Vu 2 - c 2 ) $3o P, = - P 

i <L 



r& -tr2, r2 






x 2 v 2 z 2 



ac 




12. x = y = z TV ^bS )c<)^)o 6 ^o^o a 2 x 2 = z 2 (x 2 + y 2 ) 





13. fig Sj^ptoStofl SjS2ao Sb6 ^o^^ P. bg PT 





PT /^ocr 3^ 
. >aoow ^^^oo fig 
Scftfco P 56 





.14. 




A -\ .. 

u *-i V r"L -. i VwnZ *<^ t- ^^a'Se*. ""VO / Y 4- TT1V *" 1 * Z i J 

15. SSor*o)oii>^) 56, ^o5iX) 2z = ax* + 2hxy + by^, r^tfcax < x -f m> ..* 

Ci 



(I 2 + m 2 ) 3/2 (am 2 - 2W m + W ^ (/ 2 -nm 2 + n 2 ) 
16. ^o^o' 3z = ax3 + by3, aaod(eaa> ax = by, 



17. 



9 9 

x- y 4 

2z = + i- + ... 



! '2 



to^Sooo 2)0(53 



(x 2 + y 2 + 3 2) 



18. 



9 2 






2 2 
~- + - = 2z 



(X 2 + y 2) 






S 2 - Hp !(a + b + 2z) + ab H 4 = 0, H 2 = 1 + - + 



6* 



19. 




22 =nr+ n -'tex 8 + 3bx2 y + 3cxy 2 + dyz)/3 

I i "** 

JL 




20. 



X 

mm*m 

a 



2 2 



y 

b 



~= 2z 



(confocal) i 



a 



b 2 - 




v> 

ab ~' 



91 9, 



. y 2 (ax 3 +' 3bx 2 y + 3cxy2 + dy3) 

- - 



1 P 




ZOX 



tan <(> = - 



PI' P 



cir-Sod 



2 . 




x 4 



XY 



.*ai3 







pb 2 xy dx 2 - (pb 2 x 2 + oa 2 y 2 + a 2 b 2 7) dx dy + 2a 2 xy dy 2 = 



a* eo, 



CSr-Sod. 



(a a 2 p 2 - p b 2 ) 



a = b 2 - c 2 , (i s c 2 - a' 2 , y = a 2 - b 2 . p= 



p^ x - py 



O tw 



-5 .-- 



A 






b 2 (b 2 - X) 



x (c 2 - a 2 ) ) _ y 2 (b 2 - c' 2 ) 
a 2 (a 2 - X) b 2 (b 2 - 




Ag 



7. 









PQ = d r 



d IT = (du, dv) = ^ du + r 2 dv 



D 7 = (Du, dv) = 7 1 Du + r 2 Dv 



, Q ( + d ) o 



> * -f d N ) = 




D 7. N = 0, D r. N -f d N = 



- 
D r . d N = 



Du + 7 Dv). i? . du + N dv =0 



L du Du -f M (du Dv 4- dv Du) + N dv Dv = 



7.2.1 





7.1 

V- 

P,Q o 

)f Q _ P ocn3;62>v& l > "5;pea PQ &>8oo / dSoi^j- ^i52o (limiting) 
P 



P ("?) 2>6, olxr^eS" <s>OeosB ^)6^ N ^So^oD, Q (7* + d 7*) 



D 
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dv Dv 



- 1 : 



D r . dN = 




du. Du 



.4r fsjEoSiQ cyosj^D " 2 * 



7.4.1 Pdu 2 + dudv-f Rdv 2 =0 







crco* sSzjdS "Bo& fl^eo (du, dv), (Du, Dv) 






, p + Q + R = 

d-v' Dv I dv I dv 



du Du _Q 
dv + Dv = P 



'duA /Du\ ' R 
dv)lDv)~P 

S \ / 



(23.2.1) <!f* 



LR-MQ 

(7.4.1) 




- 3 : Si S^o tooa^ P du + G dv = o-^cr 
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(LQ - MP) Du + (MQ - NP) Dv = 



~ (23.2.1) 






7.6 





7,7 ^SSJoC3*o^SS : SS^Sfa* "SspoS 




F = 



7,8 ^c?^c5n - 1 : 

Jl 



S M = 



du dv = 



P du 2 + Q du dv + R dv 2 = &* & <rt P = 0, R = ^)5oio Q = 



(23.4.2) &>cd csSStf SoabSoScon M = 



, M = esocod, 3cr>L>&c& 2>(g2oDoSo P = 0, R = 0, Q = 
LR - MQ + NP = 



F = 0, M = 

M = 








F = 0, M = 
(du, dv) ^oDalD (8u, 8v) 

M = g$S (7.2.1) 
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7.8.1 L du 5u + N dv 5v = 




- 



S " 



Edu 2 + Gdv 2 ESu 2 + G5v 2 



i " L du 2 + Ndv 2 ' 



6u 2 + N 6v 2 



(7-8.1) 






EN 2 dv 2 + GL 2 du 2 EN 2 dv 2 + GL 2 du 2 



2 ~LN 2 dv 2 + NL 2 du 2 ~ LN (L du 2 + N dv?) 



S l + S 2 = 



(E du 2 + G dv 2 ) LN + (EN 2 dv 2 + GL 2 
I LN (L du 2 + N dv 2 ) 

NE + LG L du 2 + N dv 2 EN + GL 



LN . ' L du 2 + N dv 2 



(du, dv) 



- 2 : 



y = u sin v, z = Hu) 



= u cos v, y = u sin v, = ftui 



7.9 




Sv 



(Sa. 5v) 



du 



8u + M (du 8v + dv Sv) + N dv 6v = ^ 



%> 
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L du 2 + 2 M du dv + N dv 2 = 



> 

d N. d r = 




(LN-M 2 ) 



K = 



V 
H- 




rr 
K 



+ 2 M du dv + N dv 
9 - - 1 
^ -i- 2 F du dv + G dv 2 



ex 



7.9.1 



(inflessional) 




7.10 



O 






7.10.1 N. t =03 



dN 



d r 



ds 



, n=0 




f d r*^ 



v 



f -**\ 

dN 



7.10.2 N. 



tx 



N 







. esofc N, 



7.11 





L = 0, N = 0, M # 



L du 2 + 2 M dudv + N dv 2 = 



du dv = 0. 



L = 0, N - 0, M * 



, L = 0, N = 0, 



du dv = 





7.12 




, L = 0, N = 0, M * 



(EM - FL) du 2 + (EN.- GL) du dv + (FN - GM) dv 2 = 0, 



E du 2 - G dv 2 B 



7.124 




(EG - F 2 ) K^ -. (EN + GL - 8FM) K 



2 ) * 



^0"& 



a 




, efa* 
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2FM 
J a _ -. 



7.12.2 e&od afi'foeo wOooo&SiyJDi.EN - 2 FM + GL = e>3 



P du 2 + 2Q du dv + R dv 2 = 



ER - 2 FQ + GP = 





Sj<JjS$o ef>2>go^ ^Jbgdcs^o L du 2 + 2 M du dv + N dv 2 -- So 

wOoo So^cJ'^S EN - 2 FM + GL = 




cfcr 




7.13 



1. c^oSco x =; u cos v, y = u sin v, z = cv 




, L=0, N = 



/^ 

r =s (u cos v, u sin v, cv) &So L = 0, N = 0, M = -r:r 

Jtl 




2. 




x 



= u cos 9, y = u sin 9, z = f(u), u = a siri <(>, f(u) = fc f log tan ^ + cos <j> J 




d9 = " 






s r = (u cos 9, u sin 9, flu)) 



Uf 



L-"- TUT A XT 
TT , 1VI - U, IN = TJ 



L du 2 -- 2 M du dv + N dv 2 = 



7.13,1 f - 1 du 2 + uf. d9 2 = 



u = a sin <)> 

du = a cos 



f(u) 



= a ( log tan * + cos <|> j 



f = cot <(> 



f =_ 



a cos sin 



2 



7.13.1 Sooci 



a cos <> sin 2 



= 



a 2 cos 2 <|> d()) 2 -f- a sin <)> cot <)> d0 2 = 



sin 



3. ^e^co Z = y sin x 





p = y cos x, q = sin x, r = - y sin x, s = cos x, t = 
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H 



L du 2 + 2 M du-dv + N dv 2 = 



r dx 2 + 2s dx dy + 1 dy 2 = 
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[- y sin x dx + 2 cos x dy] dx = 
dx = 0, - y sin x dx + 2 cos x dy = 



dx = &>od x = c 



- y sin x dx + 2 cos x dy = Sood 



cos x = 



7.14 



1. 










2. 



x = 3u (1 -f v 2 ) - u 3 , y = 3v (1 + u 2 ) - v 3 , z = 3 (u 2 - v 2 ) 




u v = 






3. 



u = c cos h 




2u = c 



a 1 e" e ) 










7*15 r 






iofi 5|^*oS aftod 
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N 







7.15.1 N. " = O.V 



So* 



d N d"? 

_- -____ 

ds ds 




4. N. K n =0 



dN 



N . K n = 




N. i = 

(7.15.1), (7.15.2) c flood !?, 
ofi. b ^ 6* N= b 



I c* 



I S 





te^ot^ =><**=* * 







f., o .* 











" ** 
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N.n =b.N = 



. t = SfcS, 's' 3T 




d r -. rt 
. - H- N; K = 
as 



N.n =: 



dN d r 
: -T = 



Sofl 








dN dr v n 
-3. -3 -r- N. K n = 
ds ds 




K = 




7.17 wSo^ SjBp <3^ S^VdT SaOoSx) Torsion : 





b s N $g, b^ f = N 



- 

-t n s N e3 -SSofi. n 



- TT 

t =Kn 



7.18 






C > >i *iT "^ 
N,N ,7 J=N. 




torsioft 




dN 3N 3u 3N 3v 
"dT = du ds + 8V 3s 



- i - r 

r =r 1 u^r 2 v f 
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XT 



N,N , 



u 



N,N ,r 



2' * 2 



v 



FL ,2 EN-GL f , FN-GM ,2 

* l 






v 




M 




_. | ft 

Gv 1 = 



3(Sco SSoS 




u = 






M 

H 



(-Gv' 2 )=- 



H 



U 1 = 




V 2= 






r^ 
/. EU 11 a 1 



V = 



M (E' 2 ) M 



H 




K 



LN - M 2 M 2 
= -rs- 



H 2 

M 

F 



H 






(EM - FL) du 2 + (EN - GL) du dv + (FN - GM) dv 2 = 




21 



E du 2 - G dv 2 = 





E du 2 - G dv 2 = 










n- 





K 



t-> _i _n ~* 
N,f,? JxN 



xr 



H 



. V r x r 



JL 

H 



r r 




2. ytoi!5*aOrfeao> x = u cos v, y = u sin v, z 
f du 2 + u f dv 2 = 



= u) 





7.20.1 
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- _\ 

T = (u cos v, u sin v, f(u)) 



T M -A N - 

*- 1J f "* V, IN TT 



(24.6.1) 



u f u u 2 f t 

-77 du 2 +" dv 2 = 



du 2 4- u dv 2 = 





3. Jo2> z = fl[x, y) ibfi eo* Stf^co r dx 2 + 2s dx dy + 1 dy 2 = 5T*So, 



m . / (s 2 -rt) 

Torsion A / ...... ' . 

V'l + 2 + 



L du 2 + 2M du dv + N dv 2 = * 

(A 



M dx 2 + 2s dx dy 4 t.dy 2 = 2o8oSo 
LN-M 2 rt-s 2 



K = 



H 2 



rt . / 
- 1 V 



